Stabilisation sous contraintes locales et globales by Stein Shiromoto, Humberto
Stabilization under local and global constraints
Humberto Stein Shiromoto
To cite this version:
Humberto Stein Shiromoto. Stabilization under local and global constraints. Signal and Image




Submitted on 19 May 2016
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
 THÈSE 
Pour obtenir le grade de 
DOCTEUR DE L’UNIVERSITÉ DE GRENOBLE 
Spécialité : Automatique et Productique 





Humberto STEIN SHIROMOTO 
 
 
Thèse dirigée par Christophe PRIEUR et  
codirigée par Vincent ANDRIEU 
 
préparée au sein du Laboratoire GIPSA-lab 
dans l'École Doctorale Electronique Electrotechnique 
Automatique et Traitement du Signal 
 
Stabilisation sous contraintes 




Maître de Conférences, Supélec 
Andrew TEEL 
Professeur, University of California at Santa Barbara 
 
Thèse soutenue publiquement le 23 juin 2014, 
devant le jury composé de :  
Vincent ANDRIEU 
Chargé de Recherche, Université Claude Bernard Lyon 1 
Andrea BACCIOTTI 
Professeur, Politecnico di Torino 
Antoine CHAILLET 
Maître de Conférences, Supélec 
Laurent PRALY 
Directeur de Recherche, MINES ParisTech 
Christophe PRIEUR 
Directeur de Recherche, GIPSA-lab 
Sophie TARBOURIECH 
Directrice de Recherche, LAAS-CNRS 
Luca ZACCARIAN 
Directeur de Recherche, LAAS-CNRS 

ѐјћќѤљђёєђњђћѡѠ
       ǰ    
  ǯ          
 ǰ  ¡  ǯ ǰ   
          ǯ
 ¢ ǰ  ¢   ¢      ǰ
          ǯ    ¢
      ¢ǯ
      	ǯ
ȃ ǰ ę ǰ   ǰ   ¢    Ǳ 
¢ ǰ  ¢ ǰ   ǯ     £      £ǯ  
       ¡     £         ę ǯȄ
ǰ    ę 

*65 ; , 5 ; :
ŗ ·· ·· ŝ
Ř      Řŗ
ř ¢    Ŝŗ
Ś    şş
 ¢ ě  ŗŖř
¢ ŗŘŗ

 9 i : <4 i + i ;( 0 3 3 i

ŗǯŗ   ş
ŗǯŘ  ŗŖ
ŗǯř · ·· ŗŗ
ŗǯřǯŗ  Ř ŗŗ
ŗǯřǯŘ  ř ŗś
ŗǯŚ ¡   ŘŖ
 ¢¸ ¢   â    
    Ȃ·  ·¸ǯ  · ·Ȭ
  â       ¥  ¢¸ ¢Ȭ
  ¢     ¹ Ȭ
··  · ¥   ·ǯ  
ǰ  ¢¸ ¢ ··  ·   ·Ȭ
 ě·  ·ǯ
Ȃ¢   ·  ¢¸ ¢  Ȃ  Ȭ
¡ ¸   ·  â ǰ   ǰ  
·   ·   ¢ ȃ¸ ··
  ·  Ȅ  ŗşŖŝǯ  ·  ·Ȭ
    ·   ·  ¢  ȃǯ ǯ
¢Ȃ ¢ ¢ Ȭ ŗŖŖ ¢ Ȅǰ ŗşşŘǯ Ȃ 
 ·  ·· ǰ  ·  · Ȭ
     ·  ȃ  Ȭ
   ¢ Ǳ ǰ   ¢
¢Ȅǰ ŘŖŗŖǯ
 /  : ; , 0 5 : / 0 9 646 ;6
	 ǰ   x¯  ¢    ¢¸
¢     Ȃ   x(0) 
 x¯  ¥ ¡·   x¯ǯ   x¯   ¢
   ¥ Ȃ¹      x¯ǯ  
ŗǯŗǰ ·  ǻǰ ŗşŝşǰ ǯ şǯřǼǰ   ǯ
-PN\YL ! 0SS\Z[YH[PVU K\ JVUJLW[ KL
Z[HIPSP[t PU[YVK\P[ WHY 3`HW\UV] <U
WVPU[ x¯ K\ ZWHJL K»t[H[ LZ[ Z[HISL ZP
SLZZVS\[PVUZPZZ\LZKLZJVUKP[PVUZPUP









  ǰ ¡    ·   · 
··Ǳ  ¢¸ Ȃ   Ȃ¢  Ȃ
 ¡ ¢¸ ¢ǯ    ǰ  
 ¥       ę  
Ȃ ¢¸  Ĵ   ··  ·ǰ  
  ǰ  ¸    Ȃ¡  ¡
¢¸ ¢  ǯ
 ·· Ȃ ¢¸¢ Ȃ    Ȭ
  Ȃ ·  ·     
   ·   ·ǯ   ¢¸ Ȃ 
  Ȭ·ǰ  ¡   ¢ Ȭ
·  ¢¸ǰ   Ȃ ·ǰ  ·ǯ 
   Ȃ¡ǰ  · ¢  
 ¦ ¥     ȂĴ·  ě·
 ·ǯ
 ¡  ·   ¡   Ȭ
¡  ¢¸      Ĵ·ǯ  ǻȬ
  ǯǰ ŘŖŗřǼ   ¢¸     Ȭ
 ¥   Ȃ· ǰ ǻ  ǰ ŘŖŗŖǼ
        ¢  ǻǰ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
ǰ  ǰ ŘŖŗŘǼ     · ·Ȭ·  Ȭ
· ·Ȭ· ·ǯ
ſǯſ ќћѡџіяѢѡіќћѠ ѝџіћѐіѝюљђѠ
    Ĵ ¸  ·· Ȭǯ
Ȋ ¢¸    ·      ¹
¢·         Ȭ
 Ȃǰ  Ȃ   Ȭ·
 ·      ǲ ȱȱȱȱ
ȱȱȱȱ
Ȋ  ¡   ¢ Ȭ·   
  ··  ·    Ȭ
 ě· ·ǲ ȱȱȱȱ ȱȱȱȱ
Ȋ  ·    Ȃ    
  Ȃ       
ȂĴ  ǲ ȱȱȱȱ ȱȱȱȱ
Ȋ      ¢¸ ¢ ŗǰ      :`Z[uTZZ H]LJ \UL K`UHTPX\L KPZ
JYu[LL[JVU[PU\LZ¢ ·      Ȭ
  ·ǯ     ·  Ȭ
 Ȃǲ ȱȱȱȱ ȱȱȱȱ
Ȋ    Ĝ  ·   ¢¸
  ·¸       ¹ ·  Ȭ
   ·  Ȃ¡ǲ ȱȱȱȱ ȱȱȱȱ
Ȋ        ·Ȭ· ȱ·ǲ ȱȱȱȱ ȱȱȱȱ
Ȋ   ·ǰ   ¢¸ ǰ    Ȭ
           
·Ȭ· ·ǰ   Ȃ¡  Ȃ  ·Ȭ· Ȭ
·     ¹ ǲ ȱȱȱȱ ȱȱȱȱ
 /  : ; , 0 5 : / 0 9 646 ;6
Ȋ   ··   ù        
¡ · ě·  Ȃ Ȃ·Ǳ Ȃ· Ȃ Ȭ
   Ȃ  ¥ Ȃ¡· Ȃ  
   Ȃǲ ȱȱȱȱ ȱȱȱȱ
Ȋ  ¸   ·   ¢  
   ·ę       Ȃ
¢¸ǰ   · ù     ǰ   
  Ĝ       Ȭ
          Ĵ Ȭ
      · ¥ £·ǰ    Ĵ
·ǲ ȱȱȱȱ ȱȱȱȱ
Ȋ  ··  ¸  ¡  Ȃ  Ȭ
 ωȬ     ¢¸    
·      ¡ǯ
ſǯƀ љюћ
Ĵ ¸  ·  Ǳ
Ȋ   Ř ¸  ¸    Ȃ  
    ¢¸ Ȭ·ǰ  
·      ¹ ¢·ǯ  ·
    ¢¸¢ ¢  ·
     ǰ ³   
     ȂĴǰ   â  Ȭ
  ¢    
  ȂĴǲ
Ȋ   ř   ¸  ¢ Ȃ¡
 ¢¸ ¢     Ȃ  
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 x˙1(t) = f1(x1(t), x2(t)) + h1(x1(t), x2(t), u(t))x˙2(t) = f2(x1(t), x2(t))u(t) + h2(x1(t), x2(t), u(t)), ǻŘǯŗǼ
ǰ    t ∈ Rǰ (x1(t), x2(t)) ∈ Rn−1×R    Ȃ·
 u(t) ∈ R  Ȃ·ǯ   Ȃǰ   t  ǯ
   ·  ¢  ǻŘǯŗǼ 
f1 ∈ C1(Rn−1 × R,Rn−1), h1 ∈ C1(Rn−1 × R× R,Rn−1),
f2 ∈ C1(Rn−1 × R,R), h2 ∈ C1(Rn−1 × R× R,R).
 ǰ   f1(0, 0) = h1(0, 0, 0) = 0ǰ h2(0, 0, 0) = 0 
f2(x1, x2) = 0⇔ (x1, x2) = (0, 0)ǯ
    ǰ   (x1, x2) ∈ Rn−1 × R
 ·  xǰ  iȬ·   x1 ∈ Rn−1  ·  x1,iǯ
 h1(x1, x2, u) ≡ 0  h2(x1, x2, u) ≡ 0ǰ  ¢¸ ǻŘǯŗǼ  ·
 Σ(u)ǯ
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 Ȃ  ¢   Σ(ϕb) ǻ
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Ȃ     ǻŘǯŗǼ  ¥  · 
   Ȃ· ǻȂ1 ǻŘǯŘŝǼ   ¡Ǽǯ 
ǰ   f2(0, 0) = 0ǰ  · ·  Ȭ
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Σh(K )
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 x˙ = fh(x,ϕq(x)), x ∈ Cq,q+ ∈ gq(x), x ∈ Dq, ǻŘǯŘǼ
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ŘǯśǯŘ    ŘǯŗŚ Śś
Řǯśǯř    ŘǯŗŜ śŗ
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Řǯŝ ¡   Ř śś
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Σh(u)

 x˙1(t) = f1(x1(t), x2(t)) + h1(x1(t), x2(t), u(t))x˙2(t) = f2(x1(t), x2(t))u(t) + h2(x1(t), x2(t), u(t)), ǻŘǯŗǼ
 ǰ  ¢ t ∈ Rǰ (x1(t), x2(t)) ∈ Rn−1×R   ǰ  u(t) ∈
R   ǯ    ǰ  t    Ĵǯ
    ¢  ǻŘǯŗǼ 
f1 ∈ C1(Rn−1 × R,Rn−1), h1 ∈ C1(Rn−1 × R× R,Rn−1),
f2 ∈ C1(Rn−1 × R,R), h2 ∈ C1(Rn−1 × R× R,R).
ǰ ¢ ¢ f1(0, 0) = h1(0, 0, 0) = 0ǰ h2(0, 0, 0) = 0ǰ 
f2(x1, x2) = 0⇔ (x1, x2) = (0, 0)ǯ
    ǰ   (x1, x2) ∈ Rn−1 × R  Ȭ
 ¢ xǰ  iȬ   x1 ∈ Rn−1   ¢ x1,iǯ 
h1(x1, x2, u) ≡ 0  h2(x1, x2, u) ≡ 0ǰ ¢ ǻŘǯŗǼ   ¢ Σ(u)ǯ
ƀǯƀǯƀ ќѡіѣюѡіќћ
 ¢ Σ(u)ǰ  £¢   x1Ȭ¢
      ǰ  ¢  Ȭ
ŗǰ        ϕb ∈ C0(Rn6=0,R)    *M :LJ[PVU 
  ¢ ¢¢   Σ(ϕb) ǻǯǯ °ǰ Ȭ
ǰ  ° ǻŗşşśǼǼǯ 
 ǰ   h1
 h2   uǰ         ǻŘǯŗǼ  
       ǻ ǻŘǯŘŝǼ     ¡Ȭ
Ǽǯ ǰ  f2(0, 0) = 0ǰ    
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¢       |x|→0ϕb(x) =∞ǯ
       ¢    Ȭ
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ƀǯƀǯƁ юѐјєџќѢћё
ę Řǯŗ ǻ
¢   Ǽǯ Ř  ¢   ǰ  )HZLK VU 7YPL\Y .VLILS HUK ;LLS
 +LÄUP[PVU ¢ K ǰ    ę  Q ⊂ Nǯ  ¢ q ∈ Qǰ





Ȋ  ϕq ∈ C0(Rn,R)ǲ
Ȋ Ȭ  gq ∈ OSC(Rn,Q)ǯ ◦
   ǰ   ¡   ¢   ǯ
¢ ǻŘǯŗǼ      K    ¢   Ȭ
   ¢
Σh(K )

 x˙ = fh(x,ϕq(x)), x ∈ Cq,q+ ∈ gq(x), x ∈ Dq, ǻŘǯŘǼ
     ¢ Rn ×Qǯ
¢ ǻŘǯŘǼ  ¢£ ¢      ǻ	ǰ
ǰ  ǰ ŘŖŗŘǲ ǰ 	ǰ  ǰ ŘŖŖŝǼǯ
ę ŘǯŘ ǻ





  ę    0 = t0 6 t1 6 t2 6 · · · 6 tJǯ  
¢   ǰ  ¢ (T, J) ∈ T ǰ T ∩ ([0, T ] × {0, 1, . . . , J})  
 ¢  ǯ ◦
ę Řǯř ǻ
¢ Ǽǯ Ś  T   ¢  ǰ 7YPL\Y .VLILS HUK;LLS  +LÄUP
[PVU     X : T → Rn  Q : T → Qǯ   
 (X,Q)   ¢   ǻŘǯŘǼ 
Ȋ   ę¡ jǰ   t 7→ X(t, j)  ¢ ¢ Ȭ
ǰ  (t, j) ∈ T ǲ
Ȋ   ę¡ jǰ   t 7→ Q(t, j)  ǰ  (t, j) ∈ T ǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 Ȭ  (X,Q)  ę   ¢ dom(X,Q)ǯ Ȭ
ǰ
1ǯ X(0, 0) ∈ CQ(0,0) ∪DQ(0,0)ǲ
2ǯ  ¢ j ∈ N   Ij := {t ∈ R : (t, j) ∈ dom(X,Q)}ǰ  
 ¢ t ∈ Ijǰ
X˙(t, j) = fh(X(t, j), ϕQ(t,j)(X(t, j))), X(t, j) ∈ CQ(t,j);
3ǯ  ¢ (t, j) ∈ dom(X,Q)   (t, j+ 1) ∈ dom(X,Q)ǰ
Q(t, j+ 1) ∈ gQ(t,j)(X(t, j)), X(t, j) ∈ DQ(t,j).
 ¢  (X,Q)  
Ȋ Ȭ  dom(X,Q)      ǲ
Ȋ   (dom(X,Q)) =∞ǲ
Ȋ ¡   ¡   ¢  (X,Q)  ǻŘǯŘǼ 
 dom(X,Q) ( dom(X,Q)ǰ   ¢ (t, j) ∈ dom(X,Q)ǰ (X(t, j),Q(t, j)) =
(X(t, j), Q(t, j))ǯ ◦
  ¢    ¡    ǻŘǯŘǼ
     
ę ŘǯŚ ǻ Ǽǯ ś ǰ  ¢Ŝ q ∈ Qǰ  )HZLKVU.VLILS :HUMLSPJL HUK;LLS
  (ZZ\TW[PVU  HUK 7YPL\Y
.VLILS HUK;LLS  WW 
 0[LTZ  HUK  OH]L ILLU HKKLK
OLYLMVY[OLZHRLVMJVTWSL[LULZZVM[OL
JOHW[LY 0[LT  OVSKZ MYVT+LÄUP[PVU
 0[LTOVSKZ ZPUJL [OL M\UJ[PVUZ
fh HUK ϕq HYLJVU[PU\V\Z
ŗǯ   Cq  Dq     Rnǲ
Řǯ   fh(·, ϕq(·)) : Cq → Rn  ǲ
řǯ  Ȭ  gq : Dq ⇒ Q   ǰ ¢
ǰ   ¢ x ∈ Dqǰ gq(x)  ¢ǰ
 ǻŘǯŘǼ ę   ǯ ◦
Řǯśǯ  ¢   (X(0, 0), Q(0, 0)) ∈ CQ(0,0)∪DQ(0,0)ǰ
 ¡  Ȭ ¢  (X,Q)  ǻŘǯŘǼ   
ǯ (X,Q)   ǲ
ǯ dom(X,Q)      IJǰ   J = j dom(X,Q)ǰ





  T = t dom(X,Q)ǯ 
 /  : ; , 0 5 : / 0 9 646 ;6
¢ ǰ     Řǯś     
ǻŘǯŘǼ ę  ŘǯŚǯ   ŜǯŗŖ  ǻ	ǰ Ȭ
ǰ  ǰ ŘŖŗŘǼǰ    ǯ     Řǯś
      Řǯśǯŗǯ
ę ŘǯŜ ǻ  ¢ ¢Ǽǯ ŝ  ¢ .VLILS :HUMLSPJL HUK ;LLS 
+LÄUP[PVU ǻŘǯŘǼǯ     A ⊂ Rn  
Ȋ ¢   ǻŘǯŘǼ   ¢ ε > 0ǰ  ¡ δ > 0  ǰ
 ¢  (X,Q)  ǻŘǯŘǼ   |X(0, 0)|A 6 δǰ |X(t, j)|A 6 εǰ 
¢ (t, j) ∈ dom(X,Q)ǲ
Ȋ Ĵ  ǻŘǯŘǼ   ¡ δ0 > 0   ¢  (X,Q)
 ǻŘǯŘǼ   |X(0, 0)|A 6 δ0   

t+j→∞ |X(t, j)|A = 0;
Ȋ ¢¢   ǻŘǯŘǼ    Ĵǯ
    ĴŞ     A      )HZLK VU .VLILS :HUMLSPJL HUK
;LLS  +LÄUP[PVU  HUK 7YPL\Y
.VLILS HUK;LLS  +LÄUP[PVU X(0, 0) ∈ Rn  ǰ  ¢ Q(0, 0) ∈ Qǰ  ¡  ¢
 (X,Q)  ǻŘǯŘǼ    

t+j→∞ |X(t, j)|A = 0.
 ę¡   ǰ   ¢   ǯ ◦
 ¢  ę ŘǯŜ        Qǯ
ę Řǯŝ ǻ
¢ ¢  Ǽǯ ş   )HZLKVU.VLILS :HUMLSPJL HUK;LLS
 +LÄUP[PVU ¢ ǻŘǯŘǼǯ  ¢ q ∈ Qǰ   Vq : dom(Vq)→ R>0  
¢ ¢    ǻŘǯŘǼ ǰ
ŗǯ Cq ∪Dq ∪ gq(Dq) ⊂ dom(Vq)ǲ
Řǯ Vq  ¢ ě      Cqǯ ◦
  ę Řǯŝ     ę ǯřŚǰ Ȭ
          ęȬ
   ǯ
ƀǯƁ ѡюћёіћє юѠѠѢњѝѡіќћѠ юћё џђѠѢљѡѠ
ƀǯƁǯſ ѡюћёіћє юѠѠѢњѝѡіќћѠ
 ŘǯŞ ǻ¢ £ ¢   Ǽǯ ŗŖ 	  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
I ę   L ⊂ N  ǰ  ¢ l ∈ Lǰ  ¡
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 





Ȋ    ϕl ∈ C0(Rn,R)ǲ
Ȋ Ȭ  gl ∈ OSC(Rn,L)ǲ
Ȋ Vl ∈ C1(Rn,R>0)ǰ αǰ α ∈ K∞ǰ     cℓ > 0 ¢ǰ 5V[L[OH[ ZPUJL[OLZL[ L PZÄUP[L P[PZ
WVZZPISL[VWPJRM\UJ[PVUZVMJSHZZ K∞
[OH[IV\UKHSSM\UJ[PVUZ Vl∀x ∈ Rn, α(|x|) 6 Vl(x) 6 α(|x|), ǻŘǯřǼ
∀x ∈ (Ω6cℓ(Vl) ∩Cl) \ {0}, LfhVl(x,ϕl(x)) < 0, ǻŘǯŚǼ
∀x ∈ (Ω6cℓ(Vl) ∩Dl) \ {0}, g ∈ gl(x), Vg(x) − Vl(x) < 0. ǻŘǯśǼ
 ¢        ¢   Vl Ȭ
¢ ǻŘǯřǼȬǻŘǯśǼ   ¢ K0ǯ ◦
 ǰ  ¢ l ∈ Lǰ Vl   ¢ ¢  Ȭ
ǯ
ę Řǯşǯ  ¢ l ∈ Lǰ   Vl ¢ ǻŘǯřǼȬǻŘǯśǼ 
 ¢ ¢   ¢ŗŗ Σh(K0)ǯ ◦  :`Z[LT ǻŘǯŗǼ PUJSVZLKSVVW^ P[O K0 PZHUHSVNV\Z[V ǻŘǯŘǼ
     Řǯśǰ ¢ Σh(K0) ę   Ȭ
ŗŘ   ¡  ǯ  ǻ	ǰ ǰ  :LL+LÄUP[PVU 
 ǰ ŘŖŖşǰ  ŘŖǼǰ  ŘǯŞ     {0}×L
 ¢ ¢¢   Σh(K0)ǯ    ǰ  
          ǰ 
ǻŘǯŚǼ  ǰ  ¢ l ∈ Lǰ  ¢  Vl  ¢
   Ě ǯ  ǻŘǯśǼ     
      ǰ     
   l       ¢ g ∈ glǰ   Vl(x)
¢   Vg(x)ǯ ŗř
 ;V ZLL [OH[ Σh(K0) PZ Z[HISL PU [OL
ZLUZL VM +LÄUP[PVU  [OL PKLHZ VM
;OLVYLT .VLILS :HUMLSPJL HUK
;LLS HYL\ZLKOLYL
:PUJL [OL M\UJ[PVUZ Vl HYL
Z [ Y P J [ S ` KLJ YLHZ P UN H S VUN ZV 
S\[PVUZ VM Σh(K0) MVY L]LY`
(t, j) ∈ dom(X,L) VL(t,j)(X(t, j)) 6
VL(0,0)(X(0,0)) -YVT ǻŘǯřǼ
|X(t, j)| 6 α−1 ◦ α (|X(0,0)|)
;O\Z MVY L]LY` |X(0,0)| 6 ε
I` SL[[PUN δ = α−1 ◦ α(ε)
|X(0,0)| 6 δ ⇒ |X(t, j)| 6 ε
/LUJL {0}× L PZZ[HISLMVY Σh(K0)
0[ UV^ YLTHPUZ [V ZOV^ [OH[ H[
[YHJ[P]P[` OVSKZ -YVT [OL JVU[P
U\P[` [OL M\UJ[PVUZ Vl [OLYL L_PZ[Z
α ∈ (C0 ∩ P)(Rn,R>0) Z\JO [OH[
LhVl(·,ϕl(·)) 6 −α(·) HUK Vg(·) −
Vl(·) 6 −α(·) (ZZ\TL MVY [OLW\Y
WVZLZVMJVU[YHKPJ[PVU [OH[[OLYLL_PZ[
r > 0 Z\JO[OH[ MVYL]LY` |X(0,0)| 6 δ
r 6 |X(t, j)| 6 ε MVY L]LY` (t, j) ∈
dom(X,L) 3L[ γ = {ρ(x) : r 6
|x| 6 ε} V(X(t, j)) 6 V(X(0,0)) −
γ(t + j) (Z t + j PUJYLHZLZ [OL
]HS\L V(X(t, j)) ^PSSILJVTLULNH[P]L
JVU[YHKPJ[PUN P[Z WVZP[P]L KLÄUP[LULZZ
;O\Z [OL ZL[ {0} × L PZ H[[YHJ[P]L [V
Σh(K0) ;OLYLMVYLP[PZSVJHSS`HZ`TW
[V[PJHSS`Z[HISLMVY Σh(K0)
         Ȭ
       ǯ   Ȭ
   £    
x˙1 = f1(x1, x2), ǻŘǯŜǼ
  x2     ǯ
 ŘǯŗŖ ǻǼǯ ŗŚ  ¡    V1 ∈
 :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
 I
(C1 ∩ P)(Rn−1,R>0)ǰ     ψ1 ∈ C1(Rn−1,R)ǰ   ¢
ĵ  α ∈ K∞  
 /  : ; , 0 5 : / 0 9 646 ;6
ǯ £     ǻŘǯŜǼǱ  ¢ x1 ∈ Rn−1ǰ
Lf1V1(x1, ψ1(x1)) 6 −α(V1(x1));
 ǰ  ¡ Ψ ∈ C0(Rn,R)ǰ      Ȭ
 ε  M   0 < ε 6 1 ¢ǰ  ¢ (x1, x2, u) ∈ Rn−1 ×
R× Rǰ
ǯ   h1Ǳ
|h1(x1, x2, u)| 6 Ψ(x1, x2),∣∣∣∣∂h1∂x2 (x1, x2, u)
∣∣∣∣ 6 Ψ(x1, x2),
Lh1V1(x1, ψ1(x1), u) 6 (1− ε)α(V1(x1)) + εα(M); ǻŘǯŝǼ
ǯ   h2Ǳ
|h2(x1, x2, u)| 6 Ψ(x1, x2). ◦
         ŘǯŗŖ  ¡
  ǯ        ŘǯŗŖ  
  ¢    ¢
V : Rn−1 × R → R>0




      fhȬ ¢
LfhV(x, u) = gradV(x1, x2) · fh(x1, x2, u)
6 −α1(V1(x1)) + Lh1V1(x1, ψ1(x1), u) + (x2 −ψ1(x1))
(
f2(x1, x2)u+ h2(x1, x2, u)










 ǰ  ¢ (x1, x2, u) ∈ Rn−1 ×R×Rǰ r1(x1, x2, u) := f1(x1, x2) +
h1(x1, x2, u)ǯ
        Ψǰ      Ȭ
£   ǰ      ǻŘǯŞǼ   
 uǯ      ¢     
 ŘǯŗŖǰ ę     ϕ  ǻŘǯŞǼ 
ę ¢    ¢ ǯ
        ε  Mǰ   Ȭ
 ŘǯŗŖ       V1 ∈ (C1 ∩
P)(Rn−1,R>0)ǯ       r1Ȭ ¢ǰ 
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
¢ (x1, x2, u) ∈ Rn−1 × R× Rǰ
Lr1V1(x1, x2, u) = Lf1V1(x1, x2) + Lh1V1(x1, x2, u).
   ψ1 ∈ C1(Rn−1,R)  Ĵǰ  ¢ x1 ∈
Rn−1ǰ x2 = ψ1(x2)ǯ
Lr1V1(x1, ψ1(x1), u) = Lf1V1(x1, ψ1(x1)) + Lh1V1(x1, ψ1(x1), u)
6 −α1(V1(x1)) + Lh1V1(x1, ψ1(x1), u).
  ǻŘǯŝǼǰ
Lr1V1(x1, ψ1(x1), u) 6 −α1(V1(x1)) + (1− ε)α(V1(x1)) + εα(M)
6 ε[α(M) − α(V1(x1))].
    Lh1V1     Lr1V1ǯ ǰ
    M  ε   ǯ
Ȋ M = 0ǰ   ¢ (x1, u) ∈ Rn−1 × Rǰ
Lr1V1(x1, ψ1(x1), u) 6 −εα(V1(x1)).
       ψ1 £  x1Ȭ¢ǰ
 ¢ uǯ ǰ       u     
x1Ȭ¢         Mǲ
Ȋ    ε          

x˙1 = f1(x1, ψ1(x1)) + h1(x1, ψ1(x1), u)
   Ω6M(V1)ǯ ǰ      h1 Ȭ
        εǯ ǰ ε 
 ě  £ǯ    ε = 1ǰ     Ȭ
 h1           ǯ
 Řǯŗŗǯ       ŘǯŗŖ   ę 
    ¢    ǰ    











   ǰ    b2 6= 0ǯ
 /  : ; , 0 5 : / 0 9 646 ;6





¢ c11 6= 0  −c11a12b1Ȧb2 6= a22 ¡ǯ





















v− a21a11z1 + c11a22
b1
b2
− a22z2 + z2
)













    vǯ  ǰ






z2, h1(z1, z2, v) ≡ 0,
f2(z1, z2) = z2, h2(z1, z2, v) ≡ 0.
ǰ       ŘǯŗŖ ǯ ◦
    ǰ    A ⊂ Rn
 ¢
A = {(x1, x2) ∈ Rn−1 × R : V1(x1) 6M,x2 = ψ1(x1)}. ǻŘǯşǼ
   V1    ψ1 ∈ C1(Rn−1,R)ǰ   A 
  ǯ ǰ   ǯ        Ȭ
 ŘǯŗŚ ǰ   ŘǯŗŖǰ  ¡    
ϕg ∈ C0(Rn6=0,R) A ¢ ¢ Ĵ Σh(ϕg)ǯ
 ǰ  M = 0ǰ   A   ǯ




    cℓ      ŘǯŞǯ ◦
 ŘǯŗŘ    A       ĴȬ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
    {0}× Lǯ
ƀǯƁǯƀ 	љќяюљ ѝџюѐѡіѐюљ Ѡѡюяіљіѧюѡіќћ
   ę ǰ     £¢ 
ǯ
ę Řǯŗř ǻ	  ¢ £¢Ǽǯ ŗŜȬ  )HZLKVU0ZPKVYP     WW 
   S ⊂ Rn     ¢ ¢
¢¢ £  ǻŘǯŗǼ ǰ  ¢ a ∈ R>0ǰ  ¡ 
   ϕg : Rn → R   
B6a(S) := {x ∈ Rn : |x|S 6 a}
      ¢ ¢¢  Σh(ϕg)ǯ
◦
 ŘǯŗŚǯ ŗŝ   ŘǯŗŖǰ   A  ¢ Ȭ  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
 I¢ ¢¢ £  ǻŘǯŗǼǯ 
       ŘǯŗŚ     ǯ Ȭ
  ŘǯŗŖǰ        
   ǯ         
ŗŞ       ϕg   A ¢ Ȭ
 *M :LJ[PVU 
¢ ¢¢   Σh(ϕg)ǯ     ŘǯŗŚ
      ŘǯśǯŘǯ
¢ Řǯŗśǯ   ŘǯŗŖ  M = 0ǰ    ¢
¢ ¢¢ £  ǻŘǯŗǼǯ 
 A  ¢ ¢ ¢¢ £  ǻŘǯŗǼ
   ŘǯŞ  ŘǯŗŘ  A     
 Ĵ  Σh(K0)ǰ       ¢   K
 ¢ £   {0}× L  ǻŘǯŘǼǯ     
            
Řǯśǯřǯ
 ŘǯŗŜǯ ŗş   ŘǯŞȬŘǯŗŘǰ  ¡  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
I
Ȋ     ϕg ∈ C0(Rn6=0,RǼǲ
Ȋ    bℓ ¢ 0 < bℓ < cℓǲ
Ȋ  ¢     K ę ¢    Q := {1, 2}× L
 ǰ  ¢ l ∈ Lǰ
 /  : ; , 0 5 : / 0 9 646 ;6
Ȯ    Rn  ę ¢
C1,l = Ω6cℓ(Vl) ∩Cl, D1,l = (Ω6cℓ(Vl) ∩Dl) ∪Ω>cℓ(Vl),
C2,l = Ω>bℓ(Vl), D2,l = Ω6bℓ(Vl);
ǻŘǯŗŖǼ
Ȯ     ϕq,l ∈ C0(Cq,l,R)  ę ¢
ϕq,l(·) =

 ϕl(·),  q = 1,ϕg(·),  q = 2; ǻŘǯŗŗǼ
Ȯ  Ȭ  gq,l ∈ OSC(Dq,l,Q)  ę ¢
g2,l : D2,l ⇒ Q
x 7→ {(1, l)}
ǻŘǯŗŘǼ





{(1, gl(x))}, x ∈ Ω<cℓ(Vl) ∩Dl,
{(2, l)}, x ∈ Ω>cℓ(Vl),
{(1, gl(x)), (2, l)}, x ∈ Ω=cℓ(Vl) ∩Dl,
ǻŘǯŗřǼ
   {0}× L  ¢ ¢¢   Σh(K )ǯ 
     ¢    ¢  Ĵ
¢    ¡    £ Ȭ
      ¡  ¢ £ ¢ 
  ǻ ǯǯ ǻ	ǰ ǰ  ǰ ŘŖŖşǰ ¡ řŞǼ  ǻ
Ȭ
  ǰ ŗşşşǼǼǯ
 Řǯŗŝǯ      ¢  ¢ ¢ǯŘŖ )HZLK VU .VLILS :HUMLSPJL HUK
;LLS  +LÄUP[PVUHUK7YPL\Y
.VLILS HUK;LLS  +LÄUP[PVU     S   ¢ ¢¢  
ǻŘǯŘǼ      ǰ    ¢¢  




 x˙ ∈ f
ρ
q(x), x ∈ Cρq,


























x ∈ Rn : B6ρ(x)(x) ∩Dq 6= ∅
}
.
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ρ  ǰ  ¢ ǻŘǯŗŚǼ ę  ŘǯŚǯŘŗ  .VLILS :HUMLSPJL HUK ;LLS 
7YVWVZP[PVUǰ   Řǯśǰ  ¡  Ȭ   ¢
ǻŘǯŗŚǼǯ
 ¢  {0} × L  ǻŘǯŘǼ     ǻǰ
	ǰ  ǰ ŘŖŖŝǰ  ŚǯřǼ   ǯ  ¢ ǻŘǯŘǼ Ȭ
ę  ŘǯŚǰ   ę   ¢ 
 ǻǰ 	ǰ  ǰ ŘŖŖŝǰ  ŚǯřǼǯ   ǰ 
{0}× L  ¢¢   ǻŘǯŘǼǰ    ¢ ¢Ȭ
¢ ǯ
 {0}×L  ¢ ¢ ¢¢  Σh(K )ǰ
    Cq Dq      Ȭ
 ρǯ  ¢ǰ    ρ   Dρ1,l∩Dρ2,l 6= ∅ǰ
  ¢   ¢    ¡ Ĵ Ȭ
      ϕg  ϕlǯ   ǰ  xȬ 












  ¡ ǰ       ¢ Ȭ
 ŘǯŞ  ŘǯŗŘ      ě 
ǻŘǯŗǼǯ
ƀǯƁǯƁ ђњієљќяюљ Ѡѡюяіљіѧюѡіќћ
 ǰ   £   A  ǯ 
         £  
 {0}× L        Ĵ  Aǯ
ǰ          ¢  ŘǯŞ
 ŘǯŗŘǯ     ¢      
 /  : ; , 0 5 : / 0 9 646 ;6
¢ £¢ǯ
ę ŘǯŗŞ ǻ ¢ £¢Ǽǯ ŘŘ   )HZLKVU0ZPKVYP     WW HUK
*OHPSSL[HUK3VYxH    ¢ ¢¢ £  Σh ǰ  ¢ Ȭ
  K ⊂ Rn   ǰ  ¡    
ϕℓ : R
n → R   K       Ĵ 
Σh(ϕℓ)ǯ ◦
      ǻ  ǰ
ŘŖŗřǼǰ   ¢  ǻŘǯŗǼ       Ȭ
 ě ǯ  L   ǰ   
¢ ę   N6r     
ǯ  ¡     ϕl ∈ C0(Rn,R)ǰ   ¢ Ȭ
Vl ∈ C1(Rn,R>0) ¢ǰ  ¢ x ∈ N6r\{0}ǰ LfhVl(x,ϕl(x)) <
0ǲ
ǯ  ¢        Ĵ  Σh(ϕl)ǰ
  ¡    Aǯ
  ŘǯŗŖǰ  ¡Řř  ę  P ⊂ N  ¡ )LJH\ZL A PZHJVTWHJ[ZL[
     {xp ∈ Rn : p ∈ P}  
A ⊂ co({xp ∈ Rn : p ∈ P}). ǻŘǯŗśǼ
 ru > 0      r = [r1, . . . , rn] ∈ Rn   
 ¢     co({xp ∈ Rn : p ∈ P}) ⊂ N6r = {x :
|xi| 6 ri, 1 6 i 6 n}ǯ
  
f˜h(x, u) = fh(x, u) − Fx−Gu, ǻŘǯŗŜǼ
  F  G   £  ǻŘǯŗǼ   Ǳ







 fh ∈ C1(Rn,Rn)ǰ f˜h ∈ C1(Rn,Rn)ǯ   m ∈ M := {m ∈
N : 1 6 m 6 2n×n}ǰ  Cm ∈ Rn×n   ¡    cijǰ












  v ∈ V := {v ∈ N : 1 6 v 6 2n}ǰ  Dv ∈ Rn×1   
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 












 Řǯŗş ǻ Ǽǯ    ¡  
  ¢    ǻŘǯŗŞǼǰ   Ȭ






  1 6 i 6 p  1 6 j 6 q ǰ ¢ǰ    
 ǯ
¡    i¯  j¯    ¡  ¢  Ȭ
    J−
i¯ j¯
ǰ ¢ǰ       
J+ijǰ  ¢ 1 6 i 6 p  1 6 j 6 q  i 6= i¯  j 6= j¯ǯ  ǰ
 i¯ = j¯ = 1ǰ   ¡   ¢

− + . . . +
+ + . . . +
ǯǯǯ ǯǯǯ ǯ ǯ ǯ ǯǯǯ
+ + · · · +
 .
      ¢      J−
i¯ j¯

 ¢     ¢ −      (p×
q− 1) ¢ +ǯ ǰp× q
1
 = (p× q)!
1!(p× q− 1)! = (p× q)!
      −   +ǯ










k!(p× q− k)! = 2
p×q.
ǰ       ¡¢   
        gǯ   ¢   ¢Ȭ
  ¢ gǰ     ¡¢
          ¢ǯ
  ǰ        gǰ 
 /  : ; , 0 5 : / 0 9 646 ;6
 ¢    p×qǯ ¡ ŘǯŘŖ 
 ǯ ◦
¡ ŘǯŘŖǯ     fh,1 ∈ C1(R3,R)ǰ 
  fh,2 ∈ C1(R3,R)       ǯ
  ę    f˜hǰ
f˜h(x, u) = fh(x, u) − Fx−Gu, ǻŘǯŗŜǼ
  x := (x1, x2)ǯ  fh,2     ǰ  
ǻŘǯŗŜǼ   ¢ f˜h(x1, x2, u) = [f˜h,1(x1, u), 0]T ǯ    Ȭ

















































































     f˜h,1  f˜h,2ǰ c−12 = c+12 = 0ǰ   ¢
i = 1, 2ǰ c+2,i = c−2,i = 0ǯ ǰ   ǻŘǯŘŖǼ    
ę    ę ǯ













 d−2 = d+2 = 0ǰ        ę ǯ ⋄
 ǻŘǯŗŜǼǰ  ¢ x ∈ N6r  ¢ |u| 6 ruǰ   fh(x, u)
    ¡   ¢ ǻŘǯŗŝǼǰ    Cm
  Dvǰ  m ∈M  v ∈ Vǯ  ¢ǰ
 ŘǯŘŗǯ  ¢ x ∈ N6rǰ   ¢ |u| 6 ruǰ ¢ ǻŘǯŗǼ ę
    ě 
x˙ ∈ co{(F+ Cm)x+ (G+Dv)u}, ǻŘǯŘŗǼ
 m ∈M  v ∈ Vǯ 
    ŘǯŘŗ     ŘǯśǯŚǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ŘǯŘŘǯ ŘŚ   ě       :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
I£ ǻŘǯŗŝǼǰ         
  ǯ     ǰ     
   ¢  fhǯ ¢ǰ  £   
N6rǰ          f˜hǯ ◦
     Rnǰ ǯǯǰ     {ei}i∈Iǰ
I = {i ∈ N : 1 6 i 6 n}ǰ       Ŗ ¡  iȬ
      ŗǯ
 ŘǯŘřǯ Řś    ¡  ¢  ę  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
I¡ W ∈ Rn×n   ¡ H ∈ Rn×1 ¢ǰ  ¢ m ∈ Mǰ
  ¢ v ∈ Vǰ
W(F+ Cm)
T +H(G+Dv)
T + (F+ Cm)W + (G+Dv)H








 > 0, ǻŘǯŘŚǼ
 r2uW H
∗ 1
 > 0. ǻŘǯŘśǼ
ǰ ¢ Ĵ L = {1}ǰ V1(x) = xTPxǰ   P = W−1ǰ cℓ = 1ǰ C1 = Rnǰ
D1 = Ω>1(V1)ǰ g1(x) ≡ {1}  ϕ1(x) = Kxǰ   K = HTPǰ Ȭ
 ŘǯŞ  ŘǯŗŘ ǯ  :PUJL [OL YLZ\S[Z NP]LU I` 7YVWVZP
[PVU  KLWLUKVU[OLULPNOIV\YOVVK
JOVZLU   HUK [OLWHYHTL[LYZ ε




 Ȃ ǰŘŜ   ǻŘǯŘřǼȬǻŘǯŘśǼ ǰ Ȭ
 :LL;OLVYLT 








−1xTp 6 1, ǻŘǯŘŚǯǼ
HHT 6Wr2u. ǻŘǯŘśǯǼ
    ŘǯŘř       
Řǯśǯśǯ          ǯ  ǻŘǯŘŘǼ 
 V1   ¢    Řŝ  Σh(ϕ1)ǯ   :LLHSZV+LÄUP[PVU (
ǻŘǯŘřǯǼ  Ω61(V1) ⊂ N6rǯ  ǻŘǯŘŚǯǼ  
co({xp ∈ Rn : p ∈ P}) ∈ Ω61ǯ  ǻŘǯŘśǯǼ   |u| 6 ruǯ
 ǰ   ŘǯŘř   ŘǯŞǰ   {0} ×
 /  : ; , 0 5 : / 0 9 646 ;6
{1} ¢ ¢¢ £  Σhǯ    
    ¢ ¢  A    
¢ ¢    {0} × {1}    ¢
£  {0}× {1}ǯ      ¡ ǯ
ƀǯƁǯƂ 	љќяюљ Ѡѡюяіљіѧюѡіќћ
  ǰ    ¢ £¢  A 
     ¢ £¢    {0}×
{1}    ¢ ¢   Ĵǯ  ¢ǰ
¢ ŘǯŘŚǯ   ŘǯŗŖ   ¢  
ŘǯŘřǰ ¢ ę  ¢    K   ǻŘǯŗŖǼȬǻŘǯŗřǼǰ   {0}×
{(1, 1)}  ¢ ¢¢   Σh(K )ǯ 
ƀǯƂ љљѢѠѡџюѡіќћ
  ¢  ¢

 x˙1 = x1 + x2 + 0.1[x
2
1 + (1+ x1) (u)],
x˙2 = u.
ǻŘǯŘŜǼ
      0.1(1 + x1) (u)   Ȭ 
x1ǰ            Ĝ  ¢ǯ

f1(x1, x2) = x1 + x2 + 0.1x
2
1, h1(x1, x2, u) = 0.1(1+ x1) (u),
f2(x1, x2) ≡ 0, h2(x1, x2, u) ≡ 0.
¢ǰ     ¢    ŘǯŗŚ
  ŘǯŗŜǯ
ѠѠѢњѝѡіќћ ƀǯſžǯ     ǯ ǰ   ¢
  ǰ  ¢ x1 ∈ Rǰ ¢ V1(x1) = x21Ȧ2ǯ 
     f1Ȭ ¢ǰ  ¢ x1 ∈ Rǰ
Lf1V1(x1, x2) = x
2
1 + x1x2 + 0.1x
3
1
     ǰ  ¢ x1 ∈ Rǰ ¢ ψ1(x1) =
−(1 + K1)x1 − 0.1x
2
1ǰ   K1 > 0    ǯ Ĵ x2 =
ψ1(x1) ¢
Lf1V1(x1, ψ1(x1)) = −K1x
2
1 = −α(V1(x1)),
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
 ǰ  ¢ s ∈ R>0ǰ α(s) := 2K1sǯ
  ǯ   ŘǯŗŖ ǰ   
    ǻŘǯŘŜǼǯ       Ȭ
 Řǯŝǯŗǰ   ¢  
V : R× R → R>0




   ǰ   ¢ǰ  ¢ (x1, x2, u) ∈
Rn−1 × R× Rǰ
LfhV(x1, x2, u) 6 −K1x
2










        (x2 − ψ1(x1))2   Ȭ
   ǻŘǯŘŝǼǰ   ¢       
 u ę  E(x1, x2, u) 6 −K1x21 − L(x2 − ψ1(x1))2ǰ   E
  Ȭ   ǻŘǯŘŝǼǰ  L > 0    ǯ 
     Ĝ ǻ  Ǽǰ  
   ¢  ¢ ¢  ŘǯŗŜǯ
    ǯ  ǯ   ǰ  ¢ (x1, x2, u) ∈
R× R× Rǰ
|h1(x1, x2, u)| = |0.1(1+ x1) (u)| 6 0.1(1+ |x1|)
|h2(x1, x2, u)| ≡ 0∣∣∣∣∂h1∂x2 (x1, x2, u)
∣∣∣∣ = 0










    ¢   ¢ ¢ Ȃ ¢
 |x1|θǯ
¢ ¢ Ĵǰ  ¢ (x1, x2) ∈ R×Rǰ Ψ(x1, x2) = 0.1(1+ |x1|)ǰ
ε 6 1 − 1.2Ȧ(2K1) ŘŞ M > 0.1Ȧ(4K1ε)  ǯ  ǯ    ;OLJVUKP[PVUZ ε 6 1−1.2(2K1) HUK
ε > 0 PTWS`PUHSV^LYIV\UKMVY K1 >
0.6ŘǯŗŖ  ęǯ
ѠѠѢњѝѡіќћѠ ƀǯƆ юћё ƀǯſƀǯ   ę  V1  ψ1ǰ  
A   ¢
A =
{
(x1, x2) ∈ R× R : |x1| 6
√





¢ǰ      P  {xp ∈ Rn : p ∈ P}  
ǻŘǯŗśǼ ǯ  ψ1 ∈ C1(R,R)ǰ     ǰ 















































−(1+ K1) − 0.2x1 = −(1+ K1) − 0.2
√
2M
  P = {1, 2, 3, 4}ǯ
    ę     a+  a−ǰ 
¢ |x1| 6 √2Mǰ a− · x1 6 ψ1(x1) 6 a+ · x1ǯ ǰ  ¢ (x1, x2) ∈
Aǰ a− · x1 6 x2 6 a+ · x1ǯ   
A ⊆ co(({
√
2M}× {x+,<02 , x−,<02 }) ∪ ({−
√

















 ŘǯŘ    ǻŘǯŘŞǼǯ
-PN\YL ! ;OLZL[Z A PUYLKHUK[OL
JVU]L_ZL[KLÄULKPU ǻŘǯŘŞǼ PUIS\LHYL
WYLZLU[LKPUZVSPKSPUL ;OLJPYJSLZHYL
[OL ]LY[L_LZ VM [OPZ ZL[ ;OL KHZOLK
Z[YHPNO[SPULZ^OPJOIV\UK A HYLNP]LU
I` M\UJ[PVUZ x1 7→ a+x1 HUK x1 7→
a−x1











 ¢   ¢    ¡ Ȭ
   ŘǯŘř  A ⊂ N6rǯ   ǰ  √2M < r1
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 



















 |a±√2M| < r2ǯ   ¢  K1  ¢
0.1
2r21
+ 0.6 < K1 <
r2
r1
− 0.2r1 − 1. ǻŘǯřŖǼ
 ŘǯŘśǯ  ǻŘǯřŖǼ       
ǰ  K1      ǯ ◦
¢      Řǯřǯřǰ  θ = 0.1ǰ r =
[1, 2]ǰN6r = {(x1, x2) ∈ R×R : |x1| 6 1, |x2| 6 2}  |u| 6 2πǯ ǰ
 ǻŘǯřŖǼ    K1 = 1.45ǯ   ŘǯŗŖǰ 
    K1ǰ M = 0.03ǰ  ε = 0.6ǯ








  f˜h   ¢
f˜h(x, u) =
0.1 (u)(x1 + 1) − 0.1u+ 0.1x21
0
 ,









0.1 (u)(x1 + 1) − 0.1
0

  {Cm ∈ R2×2 : 1 6 m 6 2}  {Dv ∈ R2 : 1 6 v 6 2}
 /  : ; , 0 5 : / 0 9 646 ;6
  ę ¢ ǻŘǯŗŞǼ  ǻŘǯŗşǼǯ     




 , C2 =
−0.3 0
0 0
 , D1 =
0.1
0









  K = [−12.9029 −6.4736] .
  ŘǯŘřǰ  ŘǯŞ  ŘǯŗŘ    cℓ = 1ǯ
 Řǯř      ¢ ǻŘǯŘŜǼ    
   ϕℓ ǰ  A ⊂ Ω61(V1) Ω61(V1) ⊂ N6rǯ
ѕђ њюіћ џђѠѢљѡǯ   ŘǯŗŖ ǰ    
 ŘǯŗŚ     ǰ  ¢ (x1, x2) ∈ Rn−1×Rǰ
¢
ϕg(x1, x2) = −(1+ K1 + 2θx1)(x1 + θx
2















∆(x1, x2) = |x1|θ(1+ |x1|) + KVθ(1+ |x1|)(1+ |1+ K1 + 2θx1|),
    θ = 0.1ǰ
c = 350 > 349 = ¡
{
1

















a = 0.01ǰ  a ′ = 0.04    A ¢ ¢ ¢Ȭ
¢   ǻŘǯŘŜǼ      ϕgǯ
 ŘǯŗŜǰ   ¢    K ǯ  bℓ = 0.75ǰ
  Q = {1, 2}× {1}ǯ  ǻŘǯŗŖǼǰ   Rn  
¢
C1,1 = Ω61(x
TPx), D1,1 = Ω>1(x
TPx),
C2,1 = Ω>0.75(x
TPx), D2,1 = Ω60.75(x
TPx).
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ǻŘǯŗŗǼȬǻŘǯŗŘǼǰ     ¢
ϕq,1(·) =

 ϕ1(·),  q = 1,ϕg(·),  q = 2,
D2,l ∋ x 7→ g2,1(x) = {(1, 1)} 




{(1, 1)}, x ∈ Ω<1(xTPx) ∩D1,
{(2, 1)}, x ∈ Ω>1(xTPx),
{(1, 1), (2, 1)}, x ∈ Ω=1(Vl) ∩D1,
ǰ   ŘǯŗŜǰ    ¢ ¢¢
  ǻŘǯŘŜǼ      K ǯ
   ǻŘǯŘŜǼ      K    
(x1, x2, q) = (2, 0, 1)     ŘǯŚǯ      
   x1ǰ x2  q Řşǯ ¢ǰ ǻŘǯŘŜǼ     9LNHYKPUN q OLYLP[PZZOV^UVUS`P[ZÄYZ[ JVTWVULU[ ILJH\ZL [OL ZLJVUK
VULKVLZUV[JOHUNL  ϕg ǻ t ∈ [0, 1.4]Ǽǰ   ǻŘǯŘŜǼ      ϕ1ǰ
      ǯ



















VM ǻŘǯŘŜǼ PUJSVZLKSVVW^P[O K Z[HY[PUN
MYVT (2,0, 1)
 /  : ; , 0 5 : / 0 9 646 ;6
ƀǯƃ џќќѓѠ ќѓ ѕюѝѡђџ ƀ
ƀǯƃǯſ џќќѓ ќѓ ђњњю ƀǯƃ
ǯ        ǻŘǯŘǼ ę 
ŘǯŚ   ǻ	ǰ ǰ  ǰ ŘŖŗŘǰ  ŜǯŗŖǼ 
    ¡ǯ
 ę Řǯŗǰ  ¢ q ∈ Qǰ
Ȋ   Cq  Dq     Rnǲ
Ȋ  ϕq ∈ C0(Rn,R)  fh ∈ C1(Rn+1,Rn)ǰ  ¢ ę¡ q ∈ Qǰ
fh(·, ϕq(·)) ∈ C0(Rn,Rn)ǯ   ǯŘŖǰ fh(·, ϕq(·))  Ȭ
¢    Cqǯ ǰ  ¢ x ∈ Cqǰ 
 {fh(x,ϕq(x))}   ǰ  ¡  ¢ǯ 
dom(fh) = R
nǰ Cq ⊂ dom(fh)ǲ
Ȋ ¢ ęǰ gq ∈ OSC(Rn,Q)ǯ Q   ę  ǰ 
¢ x ∈ Dqǰ gq(x)  ¢ ǯ ǰ dom(gq) = Dq
  Dq ⊂ dom(gq)ǯ
ǰ  ŘǯŚ  ęǯ  ǰ       Ȭ
  Σh(K0) ¡ǯ
 ¢ Q(0, 0) ∈ Qǰ  Rn = CQ(0,0) ∪ DQ(0,0)ǰ X(0, 0) ∈
DQ(0,0)ǰ  X(0, 0) ∈ CQ(0,0) \DQ(0,0)ǯ   Ĵ ǰ ¢ ǻŘǯŘǼ 
 ¢
x˙ = fh(x,ϕQ(0,0)(x)). ǻŘǯřŗǼ
 fh ∈ C1(Rn,Rn)ǰ  ϕq ∈ C0(Rn,R)ǰ   ǯŘŚ 
ǯŘśǰ  ¢   X(0, 0) ∈ CQ(0,0) \DQ(0,0)ǰ  ¡
    ǻŘǯřŗǼǯ ǰ  ¢ X(0, 0) ∈ CQ(0,0) \DQ(0,0)ǰ
 ¡   N(X(0, 0))  X(0, 0)  ǰ  ¢
x ∈ N(X(0, 0)) ∩CQ(0,0)ǰ









   ǰ     x ∈ N(X(0, 0))  Ȭ¢ Ȭ
        ę fhǯ
 ǰ  ę Řǯř   ǰ   X 
ǯ ǰ     Cq∪Dqǰ Cq∪Dq = Rnǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 

ǰ     ǻ	ǰ ǰ  ǰ ŘŖŗŘǰ 
ŜǯŗŖǼ  ǯ
 ǻ	ǰ ǰ  ǰ ŘŖŗŘǰ  ŜǯŗŖǼǰ  ¢
Q(0, 0) ∈ Qǰ   ¢ X(0, 0) ∈ CQ(0,0) ∪ DQ(0,0)ǰ  ¡
 Ȭ ¢  (X,Q)  ǻŘǯŘǼ  ę   
  
ǯ (X,Q)   ǲ
ǯ dom(X,Q)      IJǰ   J = j dom(X,Q)ǰ
 ¢   t → (X(t, J),Q(t, J))   ¡ Ȭ
 Σh(ϕQ(t,J))ǰ   t→T |X(t, J)|→∞ǰ   T = t dom(X,Q)ǯ
   ǯ 
ƀǯƃǯƀ џќќѓ ќѓ џќѝќѠіѡіќћ ƀǯſƂ
   ŘǯŗŚǰ      ǯ





 ŘǯŘŜǯ  ¡    a ′  KV ǰ   
C1ǰ    ę řŖ
 9LJHSS[OH[[OLWYVWLYM\UJ[PVU V1 ∈
(C1 ∩ P)(Rn−1,R>0) PZ PU[YVK\JLK PU
(ZZ\TW[PVU 
V : Rn−1 × R → R





    Ω6a′(V) ę  
Ω6a′(V) ⊂ B6a(A). ǻŘǯřřǼ

 ǻ  ŘǯŘŜǼǯ       {Vk}k∈N ⊂
(C1 ∩ P)(Rn,R>0) ǰ  ¢ (x1, x2) ∈ Rn−1 × Rǰ ¢





   {a ′k}k∈N ⊂ R>0ǰ   a ′k = (a+ 1)Ȧkǯ
ǰ     ǰ  ¢ k > 0ǰ Ȭ
 ǻŘǯřřǼ   ǯ   ¢  ¢  Vkǰ
 ¡   {xk}k∈N ⊂ Rnǰ   xk = (x1,k, x2,k)ǰ  
Vk(x1,k, x2,k) 6M+ a
′
k  (x1,k, x2,k) /∈ B6a(A).
 /  : ; , 0 5 : / 0 9 646 ;6





















řŗ V1  ǰ   ę   ǻŘǯřŚǼǰ   :LL(ZZ\TW[PVU 
{x1,k}k∈N ⊂ Rn     ǯ 
ǰ  ¡ 
 {x1,kj }j∈N ⊂ {x1,k}k∈N   x1,kj → x∗1ǰ  j→∞ǯ
      x2,k   ǯ  ǰ  ¢
k ∈ Nǰ x2,k = ψ1(x1,k) + x2,k − ψ1(x1,k)ǯ    x22,k 6
|ψ1(x1,k)|
2 + |x2,k − ψ1(x1,k)|
2ǯ      ǻŘǯřŚǼǰ 
k→∞ǰ (x2,k −ψ1(x1,k))2 = 0ǯ     ¡   Ȭ
  {x1,kj }j∈N ⊂ {x1,k}k∈Nǰ  j → ∞ǰ |x∗2| 6 |ψ1(x∗1)|
   {xk}k∈N ⊂ Rn  ǯ
 ǻŘǯřŚǼǰ V1(x∗1) 6 εM < M  x∗2−ψ1(x∗1) = 0ǯ 
 (x∗1, x∗2) ∈
Aǯ      xkj = (x1,kj , x2,kj) /∈ B6a(A)ǯ Ȭ
¢ǰ  ¡ a ′ > 0  KV > 0   ǻŘǯřřǼ ǯ 
     ŘǯŘŜǯ 
 ŘǯŘŝǯ       KV  a ′ǯ ¢ Ĵ
a ′ 6M+ a  Kv = (M+ a)Ȧ(2a2)  Ω6a′(V) ⊂ B6a(A) 


































   ǻŘǯřřǼ ǯ
    KV     V    aǯ
  ǰ  ǻŘǯřŘǼ   £ ¢aǯ  ¢
¢      ¢   
ǻǰ ŘŖŖŜǰ  ŝǯśǼ ǻ  ŘǯŘşǰ  Ǽǰ    Ȭ
    ¢    
 £ ¢   ǯ    ǻŘǯřŘǼ
 ę ǻŘǯŚŚǼǰ   
e : Rn−1 × R → R>0
(x1, x2) 7→ (x2 −ψ1(x1))2
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
   ę       {(x1, x2) ∈ Rn−1 × R :
x2 = ψ1(x1)}  ǯ   ǯřřǰ  ¡  αe
 αe   K∞  ǰ  ¢ (x1, x2) ∈ Rn−1 × Rǰ
αe(|(x1, x2)|) 6 e(x1, x2) 6 αe(|(x1, x2)|).
 ǻŘǯřŘǼǰ   KV : R>0 → R>0  ¢ KV (a) 
¢ Kv(a)→∞ǰ  a→ 0ǰ
α1(|x1|) + KV (a)αe(|(x1, x2)|) 6 V(x1, x2) 6 α1(|x1|) + KV (a)αe(|(x1, x2)|).
ǰ
KV (a)αe(|(x1, x2)|) 6 α1(|x1|) + KV (a)αe(|(x1, x2)|) 6 V(x1, x2)
6 α1(|x1|) + KV (a)αe(|(x1, x2)|) 6¡ {1, KV (a)}
(
α1(|(x1, x2)|) + αe(|(x1, x2)|)
)
.
ęǰ  ¢ s ∈ R>0ǰ   K∞ 





řřǰ  ¢ s ∈ R>0ǰ  )LJH\ZL MVYL]LY` s ∈ R>0 α−1a ◦
αa(s) = s






























ǰ   ǻŘǯřŘǼ ǯ ◦
 ǻ  ŘǯŗŚǼǯ  a > 0    ǯ    
    ¡     ϕg ∈ C0(Rn \ {0},R)   Ȭ
  a ′ > 0     Ωa′(V) ⊂ B6a(A)  ¢
¢¢   Σh(ϕg)ǯ
  
r1 : R
n−1 × R× R → Rn−1
(x1, x2, u) 7→ f1(x1, x2) + h1(x1, x2, u).
 /  : ; , 0 5 : / 0 9 646 ;6
     V1 ¢ǰ  ¢ (x1, x2, u) ∈ Rn−1×
R× Rǰ
Lr1V1(x1, x2, u) = Lf1V1(x1, x2) + Lh1V1(x1, x2, u)
= Lf1V1(x1, x2) + Lf1V1(x1, ψ1(x1)) − Lf1V1(x1, ψ1(x1)) + Lh1V1(x1, x2, u)
+Lh1V1(x1, ψ1(x1), u) − Lh1V1(x1, ψ1(x1), u)
6 −α(V1(x1)) + (1− ε)α(V1(x1)) + εα(M) + Lf1V1(x1, x2) + Lh1V1(x1, x2, u)
−Lf1V1(x1, ψ1(x1)) − Lh1V1(x1, ψ1(x1), u).
    ¢    ǯ  ǯ  řŚ ŘǯŗŖǯ 9 L J H S S [ O H [ [ O L P U L X \ H S 
P[` Lh1V1(x1,ψ1(x1),u) 6
(1 − ε)α(V1(x1)) + εα(M) PZ
HZZ\TLK
ǰ  ¢ (x1, x2, u) ∈ Rn−1 × R× Rǰ
Lr1V1(x1, x2, u) 6 ε[α(M) − α(V1(x1))] + Lr1V1(x1, x2, u)
−Lr1V1(x1, ψ1(x1), u).
ǻŘǯřśǼ
	 (x1, x2) ∈ Rn−1 × R ę¡ǰ 
ηx1,x2 : [0, 1] → R
s 7→ sx2 + (1− s)ψ1(x1)
 r1 ∈ C1(Rn+1,Rn−1)  ηx1,x2 ∈ C1([0, 1],R)ǰ
dr1
ds
(x1, ηx1,x2(s), u) =
∂r1
∂ηx1,x2
(x1, ηx1,x2(s), u) · (x2 −ψ1(x1)).
       sǰ ¢







ǰ  ǻŘǯřśǼǰ  ¢ (x1, x2, u) ∈ Rn−1 × R× Rǰ
Lr1V1(x1, x2, u) 6 ε[α(M) − α(V1(x1))] +
∂V1
∂x1






     ę ¢
ψ˜ : ((Rn−1 × R) \ {(0, 0)})× R → R



















  KV   ¢  ŘǯŘŜǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
 u = ψ˜(x1, x2, u¯)    ¢ ψ˜(u¯)ǯ   ǻŘǯřŘǼ
V : Rn−1 × R → R





¢       fhȬǰ  ¢
LfhV(x1, x2, ψ˜(u¯)) = Lr1V1(x1, x2, ψ˜(u¯)) + KV (x2 −ψ1(x1))[f2(x1, x2)ψ˜(u¯) + h2(x1, x2, ψ˜(u¯))
−Lr1ψ1(x1, x2, ψ˜(u¯))]
6 ε[α(M) − α(V1(x1))] +
∂V1
∂x1






+KV (x2 −ψ1(x1))[f2(x1, x2)ψ˜(u¯) + h2(x1, x2, ψ˜(u¯)) − Lr1ψ1(x1, x2, ψ˜(u¯))]









+KVf2(x1, x2)ψ˜(u¯) + KVh2(x1, x2, ψ˜(u¯)) − KVLr1ψ1(x1, x2, ψ˜(u¯))
]





























+KVh2(x1, x2, ψ˜(u¯)) − KVLh1ψ1(x1, x2, ψ˜(u¯))
]
6 ε[α(M) − α(V1(x1))] + (x2 −ψ1(x1))[u¯+ Υ(x1, x2, ψ˜(u¯))],
 








(x1, ηx1,x2(s), ψ˜(u¯))ds+ KVh2(x1, x2, ψ˜(u¯)) − KVLh1ψ1(x1, x2, ψ˜(u¯)).
  ǼȬǼ   ŘǯŗŖǰ  ¢ (x1, x2, u¯) ∈ Rn−1×
R× Rǰ
|Υ(x1, x2, ψ˜(u¯))| 6 ∆(x1, x2),













 ¢Ȭ ĵ ¢ǰ      c >
0ǰ   ¢ (x1, x2, u¯) ∈ Rn−1 × R× Rǰ



















 ¢ǰ  ¢ (x1, x2) ∈ Rn−1 × R  c > 1ǰ


































 ǰ    ¢  ǰ ψ˜(x1, x2)   ¢
ψ˜ǯ
 V1   ǰ  
A>0 :=
{
(x1, x2) ∈ Rn−1 × Rn : εα(V1(x1)) + c(x2 −ψ1(x1))2 6 εα(M) + 1
c
}
 ǯ   A>0     (x1, x2) ∈ Rn−1 × R   
LfhV(x1, x2, ψ˜) > 0ǯ
 ζ = ¡{V(x1, x2) : (x1, x2) ∈ A>0}ǰ  ¢ c > 1ǰ  
¢ (x1, x2) ∈ Ω>ζ(V)ǰ LfhV(x1, x2, ψ˜) < 0ǯ    ǰ Ω6ζ(V)
 ¢ ¢¢   Σh(ψ˜)ǯ
 Kα > 0   ĵ   α     [0, ζ]ǯ
 ¢ (x1, x2) ∈ Ω6ζ(V)ǰ





 ǻŘǯřŞǼǰ  ¢ c > 1ǰ   ¢ (x1, x2) ∈ Ω6ζ(V)ǰ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
































 ¢ c > cgǰ   ¢ (x1, x2) ∈ Ω6ζ(V)ǰ
LfhV(x1, x2, ψ˜) 6 ε [α(a
′) − α(V(x1, x2))] .
ǰ  ¢ c > cgǰ   ¢ (x1, x2) ∈ Ω>a′(V)ǰ 3L[ |x|a′ := dist(x,Ω6a′(V) :PUJL
α ∈ K∞ KLÄULK [OL M\UJ[PVU UV[L
[OH[ αa′(|x|) := α(|(x1, x2)|a′) =
−α(a ′) + α(V(x1, x2)) ^OPJO
PZ VM J SHZZ K∞ ;O\Z MVY
L]LY` (x1, x2) ∈ Ω>a′(V)
LfhV(x1, x2, ψ˜) 6 −αa′(|x|a′)
HUK,X ǻŘǯŚřǼ PZZH[PZÄLK
LfhV(x1, x2, ψ˜) < 0.

ǰ   Ω6a′(V)   Ĵ  Σh(ψ˜)ǯ
  řś ŘǯŘŜ   Ω6a′(V) ⊂ B6a(A) ǰ
 4VYLZWLJPÄJHSS ` MYVT ǻŘǯřřǼ  Σh(ψ˜)       B>a(A)  
      B6a(A)ǯ ǰ A  ¢ ¢Ȭ
¢ řŜ  Σh(ψ˜)ǯ  ;OPZ HSZV JV\SK IL JVUJS\KLK ^P[O;OLVYLT  ILSV ^ǰ  ǻŘǯřŜǼ  ǻŘǯřŝǼǰ ¢ Ĵǰ  ¢ (x1, x2) ∈


















  c > cg     ψ˜(·) = ϕg(·)    Ω6a′(V)
¢ ¢¢   Σh(ϕg)ǯ     
 ŘǯŗŚǯ 
ƀǯƃǯƁ џќќѓ ќѓ ѕђќџђњ ƀǯſƄ
ǯ     aǰ bℓǰ  cℓ ¢řŝ 0 < bℓ < cℓ   -YVT(ZZ\TW[PVUZ  HUK  Z\JO]HS\LZKVL_PZ[ILJH\ZL MVYL]LY` l ∈
L Vl PZHWYVWLYJVU[PU\V\ZM\UJ[PVU  ǰ  ¢ l ∈ Lǰ
¡{Vl(x) : x ∈ B6a(A)} < bℓ. ǻŘǯřşǼ
  ŘǯŗŖǰ  ŘǯŗŚ   
  ϕg ∈ C0(Rn \ {0},R)ǯ       ¢ 
 /  : ; , 0 5 : / 0 9 646 ;6
  K   ¢    Ȭ    
 ǯřŞ ę Q = {1, 2} × Lǯ    ZLLHSZV.VLILS :HUMLSPJL HUK;LLS
  7HNLVY7YPL\Y MVYZPT
PSHYJVUJLW[ZHWWSPLK[VKPɈLYLU[JVU[YVS
WYVISLTZ
ǻŘǯŗŖǼ    ę  ǻŘǯŗŗǼ  ǻŘǯŗŘǼǯ    
 ¢ Σh(K )  (x, q) ∈ Rn ×Qǯ
 ŗǯ   q = {(2, l)}ǯ
ŗǯǯ  x ∈ C2,lǰ   ǻŘǯŗŗǼǰ ϕ2,l(x) = ϕg(x)ǯ  Ȭ
 ŘǯŗŖ   ŘǯŗŚǰA  ¢ Ȭ
¢ ¢¢  Σh(ϕg) ǰ  ǻŘǯŗŖǼ
 ǻŘǯřşǼǰ A ⊂ D2,lǯ       Ȭ
  ǻŘǯŘǼ       x   
D2,lǰ ¢     D2,lǲ
ŗǯǯ  x ∈ D2,lǰ   ǻŘǯŗŘǼǰ g2,l(x) = {(1, l)} ǰ Ȭ
  ǰ   ¢     ǯ
    x      ǰ
x ∈ D2,l   ǰ   ǻŘǯŗŖǼ  ǻŘǯřşǼǰD2,l ⊂
Ω<cℓ(Vl)ǯ    ¢ ¢  {0}×Lǰ
  Σh(K0)   D2,l    
{0}× Lǲ
    ŗǰ   (X(0, 0), Q(0, 0)) ∈ Rn × {(2, l)}ǰ
   ǻŘǯŘǼ   {0}× Lǯ
 Řǯ   q = {(1, l)}ǯ
Řǯǯ  x ∈ C1,lǰ   ǻŘǯŗŗǼǰ ϕ1,l(x) = ϕl(x)ǰ  
 ¢     ǯ   
¢ ¢  {0}×Lǰ   Σh(K0) Ȭ
  C1,l     {0}× Lǲ
Řǯǯ  x ∈ D1,lǯ   ǻŘǯŗŖǼ  ǻŘǯŗřǼǰ 
Řǯǯ q+ = {(2, l)} ǰ   ǰ ϕg  ǯ
    x ∈ Ω>cℓ(Vl)ǰ Ω>cℓ(Vl) ⊂
C2,lǰ   xȬ   Ȭ
  ǲ  ŗǯǯǰ   ǻŘǯŘǼ Ȭ
  D2,lǲ
Řǯǯ  q+ = {(1, gl(x))} ǰ   ǰ  
    ǯ    ǰ
x ∈ Ω6cℓ(Vl) ∩ Dl   xȬ  
      ǰ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
   ¢ ¢  {0} × Lǰ Ȭ
  Σh(K0)   Ω6cℓ(Vl) ∩Dl  
  {0}× Lǲ
    Řǰ   (X(0, 0), Q(0, 0)) ∈ Rn × {(1, l)}ǰ
   ǻŘǯŘǼ   {0}× Lǯ
ǰ   {0}×L  ¢   ¢ Ĵ  ǻŘǯŘǼǯ

ǰ   ¢ ¢¢   ǻŘǯŘǼǯ   
ǯ 
ƀǯƃǯƂ џќќѓ ќѓ љюіњ ƀǯƀſ
ǯ N := N6r × {u ∈ R : |u| 6 ru}ǰ  ę¡ (x1, u1)ǰ (x2, u2) ∈ Nǯ
 
gi : [0, 1] → R
t 7→ f˜h,i((1− t)(x1, u1) + t(x2, u2)),
  1 6 i 6 nǯ
 f˜h ∈ C1(Rn+1,Rn)ǰ  ¢ i = 1, . . . , nǰ gi ∈ C1([0, 1],Rn)ǯ
ǰ  ¢ t ∈ [0, 1]ǰ
dgi
dt




((1− t)x1 + tx2) · (x2 − x1) + ∂f˜h,i
∂u
((1− t)u1 + tu2)(u2 − u1)
    ǰ  ¡ c ∈ (0, 1)  
dgi
dt
(c) = f˜h,i(x2, u2) − f˜h,i(x1, u1).
ǰ
f˜h,i(x2, u2) − f˜h,i(x1, u1) =
∂f˜h,i
∂x
((1− c)x1 + cx2) · (x2 − x1) + ∂f˜h,i
∂u
((1− c)u1 + cu2)(u2 − u1)





(x¯, u¯) · x+ ∂f˜h,i
∂u
(x¯, u¯)u.
  ǻŘǯŗŜǼ  ǻŘǯŗŝǼǰ  ¢ (x, u) ∈ Nǰ  ¡
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  ǰ  ¢ (x, u) ∈ Nǰ  ¡mǰm ∈M  
Cm,i · x 6 ∂f˜h,i
∂x
(x¯, u¯) · x 6 Cm,i · x.
   ǻŘǯŗşǼǰ  ¢ (x, u) ∈ Nǰ  ¡ m,m ∈ Mǰ
 v, v ∈ V  
Cm,i · x+Dv,iu 6 ∂f˜h,i
∂x
(x¯, u¯) · x+ ∂f˜h,i
∂u
(x¯, u¯)u 6 Cm,i · x+Dv,i.

























   ǰ  ¢ (x, u) ∈ Nǰ  ¡ m,m ∈ Mǰ  v, v ∈
Vǰ  t ∈ [0, 1]  
fh,i(x, u) ∈ (1− t)(Fi + Cm,i) · x+ (Gi +Dv,i)u+ t(Fi + Cm,i) · x+ (Gi +Dv,i)u.
  ǻŘǯŗǼǰ  ¢ (x, u) ∈ Nǰ
x˙ ∈ co{(F+ Cm)x+ (G+Dv)u},
  v ∈ V m ∈Mǯ    ǯ 
ƀǯƃǯƃ џќќѓ ќѓ џќѝќѠіѡіќћ ƀǯƀƁ
ǯ  ǻŘǯŘŘǼ  Ĵ      ¡ Ȭ
¢   ¡  ǻŘǯŘǼ W  ¢
W(F+ Cm)
T +H(G+Dv)
T + (F+ Cm)W + (G+Dv)H
T < 0.
¢       ¢  ¢ 
ę ¡ P ¢ǰ  ¢ m ∈ Mǰ   ¢ v ∈ Vǰ 
 ¢ x ∈ N6r \ {0}ǰ
xT (F+ Cm + (G+Dv)K)
TPx+ xTP(F+ Cm + (G+Dv)K)x < 0.
  ŘǯŘŞǰ  ǻŘǯŘřǼ  ǰ  ¢ i ∈ Iǰ







W = P−1ǰ  ¢ x ∈ Ω61(Vl)ǰ
xTeie
T
i x 6 r
2
i x
TPx 6 r2i .
 ei · x = xiǰ  ¢ x ∈ Ω61(Vl)ǰ x2i 6 r2i ǯ ǰΩ61(Vl) ⊂ N6rǯ
  ŘǯŘŞǰ  ǻŘǯŘŚǼ  ǰ  ¢ p ∈ Pǰ
xTpPxp 6 1ǯ  co({xp ∈ Rn : p ∈ P}) ⊂ Ω61(xTPx)ǯ
 ŘǯŘŞǰ  ǻŘǯŘśǼ    r2uW−HHT > 0ǯ
  r2uW−T > KTKǯ ǰ  ¢ x ∈ Ω61(Vl)ǰ xTKTKx 6
r2ux
TPx 6 r2uǯ    ǯ 
ƀǯƄ ѢњњюџѦ
   ¢         
         £  
            ¢ ¢Ȭ
¢ ǯ     £    
  ¢     
     ¢ £  ǯ    Ȭ
          ¢ 
    Ĵ   Ȭ ¢ǯ
ƀǯƅ ѝѝђћёіѥ ќѓ ѕюѝѡђџ ƀ
ƀǯƅǯſ ѕђ яюѐјѠѡђѝѝіћє ѝџќѐђёѢџђ
             Ȭ
  ¢ ¢¢  ǰ ǯǯǰ ǻǰ ŗşşşǲ




 x˙1 = f1(x1, x2)x˙2 = f2(x1, x2)u ǻŘǯŚŖǼ
 ǰ f1 ∈ C1(Rn,Rn−1)  f2 ∈ C1(Rn,R 6=0) ǯ
 ǰ  ¡    φ1 ∈ C1(R,R) φ1(0) =
0   x1Ȭ¢    ¢ ¢¢
 /  : ; , 0 5 : / 0 9 646 ;6
 
x˙1 = f1(x1, φ1(x1)).
   ¢ řşǰ  ¡   :LL;OLVYLT (
V1 ∈ (C1 ∩ P)(Rn−1,R>0)  α1 ∈ K∞  ǰ  ¢ x1 ∈ Rn−1ǰ
Lf1V1(x1, φ1(x1)) 6 −α1(|x1|)ǯ
 (x1, x2) ∈ Rn−1 × R  ę¡ǰ   
ηx1,x2 : [0, 1] → R
s 7→ sx2 + (1− s)φ1(x1)
  ¢ (x1, x2) ∈ Rn−1 × Rǰ f2(x1, x2) 6= 0ǰ ¢ Ĵ u =
vȦf2(x1, x2)ǰ ¢ ǻŘǯŚŖǼ    Ĵ 








  v ∈ Rǯ
    e := x2 − φ1(x1)ǯ   Ȭ
  e ¢ e˙ = x˙2−Lf1φ1(x1, x2)ǯ ¢ ǻŘǯŚŖǼ  Ĵ 
    e   ¢










  w = v− Lf1φ1(x1, x2)ǯ ¢ ǻŘǯŚŗǼ   ¢ x˙ = f(x)ǯ
  ¢    ¢ ǻŘǯŚŗǼ 
¢




      fȬ ¢



















    









  K > 0    ǯ Ĵ w = φ(x1, e) ¢ǰ  ¢
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
(x1, e) ∈ Rn−1 × Rǰ
LfV(x1, e) 6 −α1(|x1|) − Ke
2.
ǰ    ¢ ¢¢   ǻŘǯŚŗǼ  
   φǯ 
ǰ     ¢¢   ǻŘǯŚŖǼǰ
 (x1, e) = (0, 0)⇒ 0 = x2 − φ1(0)ǯ























(x1, ηx1,x2(s))ds− (x2 − φ1(x1)) + Lf1φ1(x1, x2)
 .
   ¢ ¢¢   ǻŘǯŚŖǼǯ
ƀǯƅǯƀ ѕђ ѐѕѢџȂѠ ѐќњѝљђњђћѡ
 Ȃ           Ȭ
      ¢ ¢¢ ǯ  Ȭ
    Ȃ ǰ     Ȭ
   ǻǰ ǰ  ¦ǰ ŘŖŖŚǲ ǰ ŘŖŖśǼǯ 
ǰ
     ǯ
   A ∈ Rp×pǰ B ∈ Rp×qǰ C ∈ Rq×pǰ  D ∈





   (A) 6= 0ǯ    z = (x, y) ∈ Rp × Rqǯ
  ¢MzT = 0   

 Ax + By = 0,Cx + Dy = 0.
¢  ę  ¢ −CA−1ǰ   ǰ    
  ǰ  x      ǰ  
 ¢   ¢
(D− CA−1B)y = 0.
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 ¡ S = D− CA−1B      A MǯŚŖ 1IPSV\ 4LZZHV\KP HUK;HIHo 






  A ∈ Rp×p    (A) 6= 0ǯ ǰ M > 0   ¢ 
A > 0  (D− BTA−1B) > 0ǯ 
 ǻǰ ǰ  ¦ǰ ŘŖŖŚǰ  ŗǼǰ 
 ¢   ŘǯŘŞǰ M > 0   ¢  D > 0  A −
BD−1BT > 0ǯ
ƀǯƅǯƁ  џђњюџј ќћ ѡѕђ ѦюѝѢћќѣ ѠѢѓѓіѐіђћѡ ѐќћёіѡіќћѠ ѓќџ
ѝџюѐѡіѐюљ ѠѡюяіљіѡѦ
      ¢ £¢ 
 ę Řǯŗřǯ
ę Řǯŗř ǻ	  ¢ £¢ǼǯŚŘ  )HZLKVU0ZPKVYP     WW 
   S ⊂ Rn     ¢ Ȭ
¢ ¢¢ £  ǻŘǯŗǼ ǰ  ¢ a ∈ R>0ǰ 
¡     ϕg : Rn → R   
B6a(S) := {x ∈ Rn : |x|S 6 a}
       ¢ ¢¢ 
 Σh(ϕg)ǯ ◦
  ŘǯŗŖǰ  ¢ a ∈ R>0ǰ  ¡Śř  Ȭ :LL7YVWVZP[PVU  HIV]L
   ϕg : Rn → R    B6a(A)    Ȭ
    ¢ ¢¢   Σh(ϕg)ǰ  A  
  ¢
A = {(x1, x2) ∈ Rn−1 × R : V1(x1) 6M,x2 = ψ1(x1)}. ǻŘǯşǼ
     KV ǰ     ŘǯŗŚǰ    
ϕb  £ ¢ aǯ ǰ  Ȭ ¢ Σh(ϕg)  
 ¢ 
V : Rn−1 × R → R





  £ ¢ aǯ       Ȭ
    a   ¢    ǰ 
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
ǰ Σh(ϕg,a)
        a   Ȭ
   ¢ ǯ     ǻȬ
ǰ ŘŖŖŜǼ   Ĝ    ¢   
 ǯ        ǰ   

ŘǯŘş ǻ¢ Ĝ     ¢Ȭ
 ¢Ǽǯ ŚŚ  A ⊂ Rn    ǯ  ǰ   )HZLK VU *OHPSSL[  ;OLVYLT
¢ a > 0ǰ  ¡   ě ¢  Va :
Rn → R>0ǰ   K∞  αaǰ αaǰ  αa  ǰ  ¢
x ∈ B>a(A)ǰ
αa(|x|A) 6 Va(x) 6 αa(|x|A), ǻŘǯŚŘǼ
LfhVa(x,ϕg,a) 6 −αa(|x|A), ǻŘǯŚřǼ

a→0
α−1a ◦ αa(a) = 0. ǻŘǯŚŚǼ
ǰ  A  ¢ ¢ ¢¢   ¢Σh(ϕg)ǯ
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 Ĝ    ¢     ¢Ȭ
 ¢   ¢    ǯ ¢ Ȭ
ǰ  ¢  ǰ      Ȃ 
 ǰ   ¢    ¢ Ȭ
ǯ   ǰ      Ĝ 
          ¢   
        ¢ ǯ  
ǻǯ Ǽ ¢ ¢    ǻǯ Ĵ¢  
 Ǽ   ¢  Ȭ   ǯ
        
        ǰ   




řǯŘ ǰ ǰ    Ŝř
řǯŘǯŗ  Ŝř
řǯŘǯŘ  ŜŚ
řǯř   ŜŜ
řǯŚ  Ŝŝ
řǯś  ŝŖ
řǯŜ    ř ŝř
řǯŜǯŗ    řǯŞ ŝř
řǯŜǯŘ    řǯŗř Şř
řǯŜǯř    řǯŗŚ ŞŜ
 /  : ; , 0 5 : / 0 9 646 ;6
řǯŜǯŚ    řǯŗś Şş
řǯŜǯś    řǯŗŜ şŖ
řǯŝ  şŖ
řǯŞ ¡   ř şŖ
řǯŞǯŗ   şŖ
řǯŞǯŘ    şŘ
řǯŞǯř       şŞ
Ɓǯſ ћѡџќёѢѐѡіќћ
    Ȭ   ¢ ¢   Ȭ
  ǻǰ ŗşŜŜǼ ¢   ¢   Ȭ
ǯ     ¢ǰ   	 Ȭ
ǰ   ¢      ǯ
            ¢Ȭ
  ǻǰ ŗşŞşǼǯ    ¢  ȁ 
¢ȁ  ǻǰ ŘŖŖŗǼǯ £   
  ¢     ǻ  ǰ
ŗşşśǼǯ
 ǻǰ ǰ  ¢ǰ ŗşşŚǼǰ     
   ȬȬ ¢      
	 ǯ         ¢
 ¢    ǻǰ ǰ  ǰ ŗşşŜǼǯ
 ¢ ¢ǰ   	 ¢   
    ¢    ¢  Ȭ
ǯ        ǻ  Ȭ
°ǰ ŘŖŖŞǲ ¢ǰ ŗşşşǼ   ǯ    
 	   ¡   ǰ  ǻ  ęǰ
ŘŖŖŝǲ ę  ¢ǰ ŘŖŗŘǲ ǰ ŘŖŖŜǲ   ǰ ŘŖŖşǼ  
¢  ¢ǯ
   ¢   	 ǰ     
           
   ǯ   ǰ   	 ǰ
      	    
    ǯ
    ǻ ǰ ǰ ǰ
ŘŖŗřǰǼ       £  Ȭ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ¢ǰ      	    
¢ǯ          ǻǯ ȬǼ 
	      ǻǯ ȬǼ    
ǰ        Ȭ   ¢ǰ
¢       ǰ     Ȭ
           
   £ǰ     ¢Ȭ
   ¢¢  ǻ   ¢ ę
 Ǽǯ   ǰ  Ĝ    Ȭ
¢    ǯ ǰ   ¢ǰ  ¡
  ¡        ¢ 
 ǯ       ¢ ¢   ǯ
  ¢           
   ě Ǳ     Ȭǯ    
¢     Ȭ       
   ǻ  ǰ ŘŖŗŖǼ   ¡  
¢ ǰ  ǻǰ ǰ  ǰ ŘŖŗŘǼ  
   ǯ
Ɓǯƀ юѐјєџќѢћёǰ њќѡіѣюѡіќћǰ юћё ѝџќяљђњ ѠѡюѡђȬ
њђћѡ
Ɓǯƀǯſ юѐјєџќѢћё
 f ∈ C1(Rn × Rm,Rn)    ¢
x˙(t) = f(x(t), u(t)), ǻřǯŗǼ
 ǰ  ¢ t ∈ R>0ǰ x(t) ∈ Rn  u(t) ∈ Rmǰ   Ȭ
  n mǯ    ǻřǯŗǼ     xǰ 
 u   t   ¢ X(t, x, u)ǯ    ǰ  t
   Ĵǯ  ǰ   ǯŘŚ  ǯŘśǰ  ¢
u ∈ L∞(R,Rm)ǰ   ¢  ǰ  ¡  
  ǻřǯŗǼǯ
ę řǯŗ ǻȬȬ ¢Ǽǯ ŗ     Ȭ  :VU[HN  WW 
     ȬȬ   ǻřǯŗǼ   ¡ γ ∈ K∞ 
β ∈ KL  ǰ  ¢ x ∈ Rnǰ  ¢ u ∈ L∞(R>0,Rm)ǰ 
 ¢ t ∈ R>0ǰ (ZYLTHYRLKPU:VU[HN  WW  
ZPUJL γ ∈ K∞ {γ(|u(s)|) : s ∈
[0, t]} PZ LX\P]HSLU[ [V γ({|u(s)| :
s ∈ [0, t]}) = γ(|u[0,t]|∞)|X(t, x, u)| 6 β(|x|, t) + γ
(∣∣u[0,t]∣∣∞) , ǻřǯŘǼ
 /  : ; , 0 5 : / 0 9 646 ;6
  γ (∣∣u[0,t]∣∣∞)      ǻřǯŗǼǯ ◦
   ǰ ¢ ¢  ǻřǯŗǼ        Ȭ
     ȬȬ   ǻřǯŗǼǯ
 ǰ    ¢      
       ¢ γ (|u|∞) ǻ ǻřǯŘǼǼǯ   
ǰ  ¢   	ǰ      
¢       ǻ ǻǯŞǼǼǯ
ę řǯŘǯ Ř  k > 0    ǯ   V ∈ )HZLK VU +HZORV]ZRP ` 9ɈLY HUK
>PY[O " 3PILYaVU 5LúPǅ HUK;LLS
" :VU[HN  Ck(Rn,R>0)   ¢ ĵ    Ȭ¢ 
 ǻřǯŗǼ 
Ȋ  ¡ α,α ∈ K∞  ǰ  ¢ x ∈ Rnǰ
α(|x|) 6 V(x) 6 α(|x|); ǻřǯřǼ
Ȋ  ¡ αx ∈ Kǰ     λx ∈ (C0 ∩ P)(Rn,R>0)
 ǰ  ¢ (x, u) ∈ Rn × Rmǰ
V(x) > αx(|u|)⇒ D+f V(x, u) 6 −λx(x), ǻřǯŚǼ
  αx    ǯ ◦
  ǯŚŖǰ  k > 0ǰ D+f V(x, u) = gradV(x) ·f(x, u)ǰ 
¢ (x, u) ∈ Rn × Rmǯ   ¢  £   
 ¡   Ȭ¢ ǯ  ¢ǰ
 řǯřǯ ř ¢ ǻřǯŗǼ     ¢   ¡   Ȭ :VU[HNHUK>HUN   
¢   ǻřǯŗǼǯ 
   ǻ¢ǰ ûěǰ  ǰ ŘŖŗŖǼǰ  
 ǻřǯřǼ  ǻřǯŚǼ ¢  ǻřǯŗǼ       
 ǻ  ǰ ŗşşśǼǯ
Ɓǯƀǯƀ ќѡіѣюѡіќћ
  ¢
z˙ = g(v, z), ǻřǯśǼ
  g ∈ C1(Rn × Rm,Rm)ǯ    ǻřǯśǼ    Ȭ
 zǰ   v   t   ¢ Z(t, z, v)ǯ  k > 0 
  ǰ    ǰ    ¡  
W ∈ Ck(Rm,R>0)
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
∃αz ∈ K∞, ∃αz ∈ K∞ : ∀z ∈ Rm, αz(|z|) 6W(z) 6 αz(|z|), ǻřǯŜǼ
∃αz ∈ K, ∃λz ∈ (C0 ∩ P)(Rm,R>0)  : ∀(x, z) ∈ Rn × Rm, W(z) > αz(|v|)⇒ D+gW(v, z) 6 −λz(z).ǻřǯŝǼ
   ǰ ǻřǯśǼ  ǯ
ѦѠѡђњ Ѣћёђџ ѐќћѠіёђџюѡіќћǯ  ¢ ǻřǯŗǼ 
ǻřǯśǼ ¢ 
 x˙ = f(x, z),z˙ = g(x, z). ǻřǯŞǼ
  ǰ ¢ ǻřǯŞǼ   ¢ y˙ = h(y)ǯ  Ȭ
   y ∈ Rn+m     t   Y(t, y)ǯ
  Ȭ¢ ǰ  ǰ 
  
V(x) > γ(W(z)) ⇒ D+f V(x, z) 6 −λx(x),
W(z) > δ(V(x)) ⇒ D+gW(x, z) 6 −λz(z),
      γ(·) = αx ◦ α−1z (·) ∈ Kǰ  δ(·) = αz ◦
α−1x (·) ∈ Kǯ
 Ĝ       ¢ ¢Ȭ
¢   ǻřǯŞǼ   ¢   
 řǯŚ ǻȬ Ǽǯ Ś   V ǻǯ WǼ    )HZLKVU1PHUN 4HYLLSZ HUK>HUN
   ;OLVYLTȬ¢   ǻřǯŗǼ ǻǯ ǻřǯśǼǼ ¢ ǻřǯřǼ  ǻřǯŚǼ ǻǯ
ǻřǯŜǼ  ǻřǯŝǼǼǯ ǰ
∀s ∈ R>0, γ ◦ δ(s) < s, ǻ	Ǽ
    ¢ ¢¢   ǻřǯŞǼǯ 
 ǻ	Ǽ    	 ǯ   ǰ  
  ¡          ǯ ¢Ȭ
           ¢ ǻ	Ǽ 
ǯ
  ǰ       ǰ 
Ȋ  ¡    γℓ  γgǰ   xȬ¢  ǻřǯŞǼǲ
Ȋ  ¡    δℓ  δgǰ   zȬ¢  ǻřǯŞǼǲ
Ȋ  γℓ◦δℓ γg◦δg ¢  	ǰ
      ǰ     ě ǲ
 /  : ; , 0 5 : / 0 9 646 ;6
Ȋ           ǰ  
         
 ǯ
ǰ   ¢  ǰ   ǻřǯŞǼ 
  ǯ ǰ  n = m = 1ǰ    
  ¢  ǯś :LL;OLVYLTZ  HUK  ILSV ^
ƁǯƁ ѡюћёіћє юѠѠѢњѝѡіќћѠ
 řǯśǯ Ŝ  ¡   :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J
0 6M <M 6∞  0 6 N < N 6∞,
 γ  δ   K  ǰ
b =  
s→∞ γ(s) > M,  M <∞,
b =  
s→∞ γ(s) > M,  M =∞.
ǻřǯşǼ
 {M,N} <∞ǰ   




(x, z) ∈ Rn × Rm : M 6 V(x) 6M,W(z) 6 N}
∪{(x, z) ∈ Rn × Rm : V(x) 6M,N 6W(z) 6 N} . ǻřǯŗŗǼ
  V W ¢ǰ  ¢ (x, z) ∈ Sǰ
V(x) > γ(W(z)) ⇒ D+f V(x, z) 6 −λx(x), ǻřǯŗŘǼ
W(z) > δ(V(x)) ⇒ D+gW(x, z) 6 −λz(z). ǻřǯŗřǼ
◦
 řǯś     Ȭ¢ 
ǻřǯŗŘǼ  ǻřǯŗřǼ       S ⊂ Rn+mǰ ę   
     Ȭ¢  V Wǯ
 ǻřǯşǼ  ǰ    γǰ  ¡  
    S ǻ     S  Ǽ  
 ǻ      S  Ǽǯ
    ǻřǯŗŖǼ     řǯŞǰ  
        Ĵ     
     Ĵ   Ĵǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 řǯŜǯ ŝ  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J
M <∞, s ∈ [M,M] \ {0}, γ ◦ δ(s) < s,
M =∞, s ∈ [M,M) \ {0}, γ ◦ δ(s) < s. ǻřǯŗŚǼ
◦
 řǯŜ    Ȭ    
  R>0     Sǯ
 řǯŝǯ  ǻřǯŗŚǼ   
M <∞, s ∈ [γ−1(M), γ−1(M)] \ {0}, δ ◦ γ(s) < s,
M =∞, s ∈ [γ−1(M), γ−1(M)) \ {0}, δ ◦ γ(s) < s. ǻřǯŗśǼ
   ǰ  ǻřǯŗŚǼ
M <∞, s ∈ [M,M] \ {0}, δ(s) < γ−1(s),
M =∞, s ∈ [M,b) \ {0}, δ(s) < γ−1(s).
    ǰ
M <∞, ∀s ∈ [γ−1(M), γ−1(M)] \ {0}, δ ◦ γ(s) < s
M =∞, ∀s ∈ [γ−1(M), b) \ {0}, δ ◦ γ(s) < s
 ǰ ¢ǰ    ǻřǯŗśǼǯ ◦
ƁǯƂ ђѠѢљѡѠ
 řǯŞǯ Ş   řǯś  řǯŜǰ   :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J
M˜ = ¡{γ−1(M), N}  M̂ = {δ(M), N}.
ǰ  ¡   U ∈ (C0∩P)(Rn+m,R>0)   ¢






t→∞U(Y(t, y)) 6 M˜.
ǰ  γ, δ ∈ (C1 ∩K∞)ǰ    U   ¢








       řǯŞ     ǯ Ȭ
 řǯś  řǯŜ    U ∈ (C0,∩P)(Rn+m,R>0)
  ş   ę  Sǯ  ǻřǯŗŖǼǰ Ω
6M̂
(U) \  0U [OL ZLUZL VM +PUP KLYP]H[P]LZ ZLL
+LÄUP[PVU ( ILSV^
 /  : ; , 0 5 : / 0 9 646 ;6
Ω
6M˜









(U)   Ω
6M˜
(U)ǯ   
 řǯŞ       řǯŜǯŗǯ
¢ řǯşǯ ǽ £Ǿ ŗŖ   řǯś  řǯŜ :LL HSZV +HZORV]ZRP ` 9ɈLY HUK
>PY[O " +HZORV]ZRP` HUK 9ɈLY
" :[LPU :OPYVTV[V (UKYPL\ HUK
7YPL\Y J
     M = N = 0ǰ Mℓ := M < ∞  Nℓ := N < ∞ǯ
 Ω
6M̂ℓ
(Uℓ)       Ĵ     ǻřǯŞǼǰ
  Uℓ  M̂ℓ   ¢  řǯŞǯ 
 řǯŗŖǯ    U  ¢  řǯŞ  
¢ ĵ   ǰ      σ ∈
(K∞ ∩ C1)  ¢ ěǯ    ¢  
   U     ǻǰ ŘŖŗŚǰ 
Śǯŗ   ŚǯŘǼ  ǻ¢ǰ ŘŖŗŗǰ ·¸ řǯŗŖşǼǯ ◦
¢ řǯŗŗǯ ǽ	 Ĵ¢Ǿ ŗŗ   řǯś  řǯŜ :LL HSZV +HZORV]ZRP ` 9ɈLY HUK
>PY[O " +HZORV]ZRP` HUK 9ɈLY
" :[LPU :OPYVTV[V (UKYPL\ HUK
7YPL\Y J
    Mg := M > 0 Ng := N > 0ǰ M = N =∞ǯ
  Ω
6M˜g
(Ug)  ¢ Ĵ  ǻřǯŞǼǰ   Ug  M˜g 
 ¢  řǯŞǯ 





(Ug)Ǽ     ǻǯ Ω6M˜g(Ug)Ǽǯ
  Ω
6M˜g
(Ug) ⊂ Ω6M̂ℓ(Uℓ)ǰ   ¢ Ȭ
¢  ǻřǯŞǼ   ¢   ¢      
 Ĵ  Ω
6M˜g
(Ug)ǯ      ǰ
  ǻřǯŞǼ  Ω
6M˜g
(Ug)\Ω6M̂ℓ(Uℓ)¢   
ωȬ    Ω
6M̂ℓ
(Uℓ)ǯ   ǰ    
 Ĝ ǯ
ę řǯŗŘǯ ŗŘ  A ⊂ Rn+m         (UNLSP 
ǻřǯŞǼǯ     ¢ ¢¢     ¢ 
  ¢ ǰ ǯǯǰ
∀ε > 0, ∃δ > 0 : |y|A 6 δ⇒ |Y(t, y)| 6 ε, ∀t > 0,
 Ĵ   ¢  ǯ  ¢ǰ 
¡ ℵ ⊂ Rn+m   µ(ℵ) = 0  ǰ
∀y ∈ Rn+m \ ℵ, 
t→∞ |Y(t, y)|A = 0. ◦
   ǰ    A      ¢
¢¢        ¢  ǰ  Ȭ
 ¢  ǰ      Aǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
 řǯŗřǯ ŗř   řǯś  řǯŜǰ    Ȭ  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J    řǯş  řǯŗŗ   









  ¡ ρ ∈ C1(Rn+m \ {0},R>0)   supp(ρ) ⊇ R  ǰ
∀y ∈ R, div(hρ)(y) > 0.
ǰ     ¢ ¢¢   ǻřǯŞǼǯ 
Ȃ ŗŚǰ         :LL3LTTH 
          ę 
ǻřǯŞǼǯ   ¢   řǯŗř       Ȭ
           Ω
6M̂ℓ
(Uℓ)  £ǯ
ǰ           £ǯ ǰ
    řǯŗř  ǯ    řǯŗř   
ǻǰ ŘŖŖŚǲ ĵǰ ŘŖŖŗǼǰ      řǯŜǯŘǯ
 řǯŗŚ ǻ   ¡ ¡ Ǽǯ ŗś  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J n = m = 1ǯ   řǯś  řǯŜǰ    
   řǯş  řǯŗŗ   










∀y ∈ R, divh(y) 6= 0  h(y) 6= 0,
    ¢ ¢¢   ǻřǯŞǼǯ 
  ωȬ   R    ¢ ¡  Ȭ
    ¡    ǰ  ¢ y ∈ Rǰ
divh(y) 6= 0  h(y) 6= 0ǯ     řǯŗŚ   
 řǯŜǯřǯ
 řǯŗ    R    ¢ 
 řǯş  řǯŗŗǰ  Ml < Mg  Nl < Ngǯ








-PN\YL ! 0SS\Z[YH[PVU VM ZL[Z
Ω6Mℓ(V) × Ω6Nℓ(W) IS\L YLNPVU Ω
=M˜ℓ
(Uℓ) KHYR IS\L SPUL
Ω>M(V) × Ω>N(W) WPUR YL
NPVU Ω
=M˜g







  ǰ  ¡    Ȭ   
  ǯŗŜ  řǯş  řǯŗŗǰ   řǯŗŚ  Ȭ ;V JVUJS\KL HIV\[ [OL HZ`TW[V[PJ
Z[HIPSP[` VM [OPZ L_HTWSL VULTH` PU
MLY MYVT [OL 3H:HSSL PU]HYPHUJL WYPUJP
WSL[VNL[OLY^ P[O[OL3`HW\UV]M\UJ[PVU





 x˙ = f(x, z) = −ρx(x) + z,z˙ = g(x, z) = −z+ ρz(x), ǻřǯŗŝǼ







+ 2x  ρz(x) = 0.8ρx(x),

∀x ∈ R, V(x) = |x|,
∀z ∈ R, W(z) = |z|.
 ŗŝ  V   fȬ ¢ǰ  ¢ (x, z) ∈ ZLL+LÄUP[PVU ( ILSV ^
R× Rǰ
D+f V(x, z) 6 −ρx(V(x)) +W(z).
Ĵǰ  ¢ x ∈ Rǰ λx(x) = εxρx(V(x))ǰ   εx ∈ (0, 1)ǯ 
¢ (x, z) ∈ R× Rǰ5V[L[OH[[OLYL OLYLP[PZNP]LU[OLZ`Z
[LTHUK[OL0::3`HW\UV]M\UJ[PVUHUK
[OLWYVISLT PZ [V ÄUK [OL NHPU γ HUK
[OLKLJYLHZLYH[L λx 0U0[VHUK1PHUN
  3LTTH  [OL JVU]LYZL WYVI







⇒ D+f V(x, z) 6 −λx(x). ǻřǯŗŞǼ
 ρx  ¢   (1, 2)ǰ        Ȭ
   ǯ    ǰ ę¡ εx = 0.05ǯ    
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 













, s ∈ [0.6,∞),
ǻřǯŗşǼ
    ρx,+ : [2,∞)→ [ρx(2),∞)   ¢ ρx,+(·) = ρx(·)ǯ
 řǯŗśǯ   ę  Γ       Ȭ
ȬȬ    xȬ¢  ǻřǯŗŝǼǯ  ¢ǰ  ¢
(x, z) ∈ R× Rǰ
V(x) > Γ(W(z))⇒ D+f V(x, z) 6 −λx(x). ǻřǯŘŖǼ
ǰ   Γ  ȃȄǯ  ¢ǰ   ¡  
Γ∗ : R→ Rǰ     s∗   Γ∗(s∗) < Γ(s∗)ǰ   ¡
(x∗, z∗) ∈ R>0 × R>0 ¢ V(x∗) > Γ∗(W(z∗))  D+f V(x∗, z∗) >
0ǯ 
    řǯŗś     řǯŜǯŚǯ   ¢
 γ ∈ K  ǰ  ¢ s ∈ R>0ǰ Γ(s) 6 γ(s)    
 xȬ¢  ǻřǯŗŝǼǯ














































-PN\YL ! H .YHWO VM M\UJ[PVUZ ρx
KV[[LK IS\L id KV[[LK ISHJR Γ
KHZOKV[[LK IS\L γℓ ZVSPK J`HU γg
KHZOLK J`HU HUK [OL WHYHTL[YPaLK
J\Y]L (ρx(s), s) KHZOLK IS\L PU [OL
PU[LY]HS [0,2.5] I.YHWOVMM\UJ[PVUZ
ρz KV[[LK YLK id KV[[LK ISHJR ∆
KHZOLKV[[LKYLK δℓ ZVSPKNYLLUHUK
δg KHZOLKNYLLU -VY εx = εz = 0.05
        zȬ¢ ¢ǰ
  (x, z) ∈ R× Rǰ
W(z) > ∆(V(x))⇒ D+gW(x, z) 6 −λz(z), ǻřǯŘŗǼ
  ∆        zȬ¢  ǻřǯŗŝǼ ę





ρ(s), s ∈ [0, 1),
ρ(1), s ∈ [1, 2.5),
ρ(s), s ∈ [2.5,∞),
ǰ  ¢ s ∈ R>0ǰ ρ(s) = ρz(s)Ȧ0.95ǯ    ¢ 
δ ∈ K  ǰ  ¢ s ∈ R>0ǰ ∆(s) 6 δ(s)      zȬ
¢  ǻřǯŗŝǼǯ
    ǻ	Ǽ   ǯ  ¢ǰ
 řǯŗŜǯ ŗş  ¢ s ∈ (0.65, 2.5)ǰ s 6 Γ ◦ ∆(s)ǯ  ;OLWYVVMVM*SHPT  PZWYV]PKLKPU
:LJ[PVU 
       ǻę  ¢ǰ ŘŖŗŘǲ
ǰ ŘŖŖŜǲ   ǰ ŘŖŖşǼ    ǰ  ¢ Ȭ
          ǯ 
 Ȭ
ǰ     ǻ  ęǰ ŘŖŖŝǼ   
  ¡ǯ
љљѢѠѡџюѡіќћ ќѓ ќџќљљюџѦ ƁǯƇǯ    γℓ ∈ K 
ǰ  ¢ s ∈ [0, 0.5]ǰ γℓ(s) = ρx (s)ǯ  δℓ ∈ K   ǰ
δℓ(s)

 = ∆(s), s ∈ [0, 1),> ∆(s), s ∈ [1, 2.5].
 řǯśǯ ŘŖ M = Mℓ = N = Nℓ = 0.3ǰ  M = N = 0ǯ 5V[L[OH[ b =∞
 ǰ ¡{γ−1ℓ (M),N} = 0  {δℓ(Mℓ), Nℓ} = 0.3ǯ ǰ
 ¢ (x, z) ∈ Sℓ := (Ω6Mℓ(V)×Ω6Nℓ(W))ǰ
V(x) > γℓ(W(z)) ⇒ D+f V(x, z) 6 −λx(x),
W(z) > δℓ(V(x)) ⇒ D+gW(x, z) 6 −λz(z).
 řǯŜǯ   řǯŝǰ  ¢ s ∈ (0, γ−1ℓ (Mℓ)] =
(0, 0.7]ǰ












 ¢ řǯşǰ   Ω60.3(Uℓ)      
Ĵ   ǯ ǰ









љљѢѠѡџюѡіќћ ќѓ ќџќљљюџѦ Ɓǯſſǯ    γg ∈ K 
ǰ  ¢ s ∈ [0.7,∞)ǰ γg(s) = Γ(s)ǯ   δg ∈ K   ǰ
 ¢ s ∈ [2,∞)ǰ δg(s) = ρ(s)ǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 řǯśǯ  M = Mg = 4  N = Ng = 1ǰ  M =
N = ∞ǯ  ǰ ¡{γ−1g (M),N} = 4  {δg(M), N} = ∞ǯ
ǰ  ¢ (x, z) ∈ Sg := (Ω>Mg(V)×Ω>Ng(W))ǰ
V(x) > γg(W(z)) ⇒ D+f V(x, z) 6 −λx(x),
W(z) > δg(V(x)) ⇒ D+gW(x, z) 6 −λz(z).
 řǯŜǯ   řǯŝǰ  ¢ s ∈ [γ−1g (Mg),∞) =
[4.5,∞)ǰ







¢ řǯŗŗ  Ω64(Ug)  ¢ Ĵ  ǻřǯŗŝǼǯ
ǰ









љљѢѠѡџюѡіќћ ќѓ ѕђќџђњ ƁǯſƂǯ  ǰ Mℓ = 0.3 < 4 = Mg 
Nℓ = 0.3 < 1 = Ngǯ  ¢ ǻřǯŗŝǼ  C1ǰ   ¢ 






(x, z) = −x2 + 3x− 3 = 0
  £ 
R = cl {Ω64(Ug) \Ω60.3(Uℓ)} ,
  řǯŗŚǰ    ¢ ¢¢  
ǻřǯŗŝǼǯ
 řǯř      ǻřǯŗŝǼ    ǯ
ƁǯƄ џќќѓѠ ќѓ ѕюѝѡђџ Ɓ
ƁǯƄǯſ џќќѓ ќѓ џќѝќѠіѡіќћ ƁǯƆ
   řǯŞǰ      ǯ
 řǯŗŝǯ Řŗ ȱ   řǯś  řǯŜǰ  ¡ γ˜ ∈ K∞  )HZLKVU:[LPU:OPYVTV[V (UKYPL\HUK7YPL\Y H ǰ
∀s ∈ R>0, δ(s) < γ˜(s). ǻřǯŘŘǼ
ǰ
 M <∞,  ∀s ∈ [M,M] \ {0}, γ˜(s) < γ−1(s),
 M =∞,  ∀s ∈ [M,b) \ {0}, γ˜(s) < γ−1(s). ǻřǯŘřǼ
 /  : ; , 0 5 : / 0 9 646 ;6












-PN\YL ! :PT\SH[PVUVM ǻřǯŗŝǼ

    řǯŗŝ    ǻǰ ǰ  ǰ
ŗşşŜǼ         řǯŞǯ
 ǻ  řǯŞǼǯ     řǯŞ   
ǻǰ ǰ  ǰ ŗşşŜǰ    řǯŗǼǯ 
ǰ  
  Ř ǯ ¢ǰ          
  U ∈ (C0 ∩P)(Rn+m,R>0)  ¢    
S ę  ǻřǯŗŗǼǯ    ǰ       




(U)   Ω
6M˜
(U)ǯ
іџѠѡ юџѡǯ   řǯś  řǯŜǯ  γ˜ ∈ K∞  
¢  řǯŗŝǯ  δ    K  γ˜    K∞ ¢
ǻřǯŘřǼǰ  ǻǰ ǰ  ǰ ŗşşŜǰ  ǯŗǼǰ  ¡Ȭ
   σ ∈ K∞ ∩ C1     ¢  
ęǰ
∀s ∈ R>0, δ(s) < σ(s) < γ˜(s). ǻřǯŘŚǼ

U : Rn × Rm → R>0
(x, z) 7→ ¡{σ(V(x)),W(z)}.
 U ∈ (C0∩P)(Rn+m,R>0)    ǯ  ¢ (x, z) ∈
Rn × Rmǰ        Ǳ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ŗǯ σ(V(x)) < W(z)ǲ
 Řǯ W(z) < σ(V(x)) ǲ
 řǯ W(z) = σ(V(x))ǯ
    ¢        U  ¢
ǯ   ǰ  
(x, z) ∈ S 6=0 := S \ {(0, 0)},
  S  ę  ǻřǯŗŗǼǯ
 ŗǯ  
σ(V(x)) < W(z).
 
U(x, z) = W(z)  D+f,gU(x, z) = D+gW(x, z).
 ǻřǯŘŚǼǰ
δ(V(x)) < σ(V(x)) < W(z).
 ǻřǯŗřǼǰ D+gW(x, z) 6 −λz(z)ǯ ǰ
W(z) > σ(V(x))⇒ D+f,gU(x, z) 6 −λz(z).
 Řǯ  
W(z) < σ(V(x)).
 
U(x, z) = σ(V(x))  D+f,gU(x, z) = σ ′(V(x))D+f V(x, z).
 (x, z) ∈ S 6=0ǰ  ǻřǯŘŚǼǰ
W(z) < σ(V(x)) < γ˜(V(x)).
M <∞ǰ   ǻřǯŘřǼǰ
W(z) < σ(V(x)) < γ˜(V(x)) < γ−1(V(x)). ǻřǯŘśǼ
   ǻřǯŗŘǼǰ D+f V(x, z) 6 −λx(x)ǯ
 M = ∞ǰ      x   ¢£Ǳ b < V(x) 
M 6 V(x) 6 bǯ
 Řǯǯ      b < V(x)ǰ  ǻřǯŗŘǼ  ǻřǯşǼ
 /  : ; , 0 5 : / 0 9 646 ;6
¢
V(x) > b > γ(W(z))⇒ D+f V(x, z) 6 −λx(x).
 Řǯǯ     M 6 V(x) 6 bǰ  ǻřǯŘřǼǰ ǻřǯŘśǼǰ 
ǻřǯŗŘǼǰ
V(x) > γ(W(z))⇒ D+f V(x, z) 6 −λx(x).
   Řǰ
W(z) < σ(V(x))⇒ D+f,gU(x, z) 6 −σ ′(V(x))λx(x).
 řǯ  
W(z) = σ(V(x)).
 ǰ









σ(V(X(t, x, z))) − σ(V(x))
t
,
W(Z(t, z, x)) −W(z)
t
}
= ¡{σ ′(V(x))D+f V(x, z),D+gW(x, z)}.
 ¢  D+f,gU       ǯ   ę ǰ
  D+gW  ¢£        D+f V 
¢£ǯ
 řǯǯ  ¢  D+gWǯ  ǻřǯŘŚǼǰ     x 6= 0
 z 6= 0ǰ  ¢ δ(V(x)) < σ(V(x)) = W(z) ǯ Ȭ
¢   ŗǰ D+gW(x, z) 6 −λz(z) ǯ
 řǯǯ  ¢ D+f V ǯ  ǻřǯŘŚǼǰ     x 6= 0 
z 6= 0ǰ  ¢W(z) = σ(V(x)) < γ˜(V(x)) ǯ ¢ 
 Řǰ D+f V(x, z) 6 −λx(x)ǯ
   řǰ
0 6= W(z) = σ(V(x))⇒ D+f,gU(x, z) 6 −{σ ′(V(x))λx(x), λz(z)}.
 řǯŗŞǯ  ¡ c > 0   Ω6c(U) ⊂ Ω6M(V)×Ω6N(W)ǯ














    řǯŗŞ       
řǯŞǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
    ¢  ǻřǯŘŜǼǰ
M˜ 6 U(x, z) 6 M̂⇒ D+f,gU(x, z) 6 −E(x, z),
 
E : Rn × Rm → R>0
(x, z) 7→ {σ ′(V(x))λx(x), λz(z)}.
 E ∈ (C0 ∩ P)(Rn × Rm,R>0)ǰ  ¡ŘŘ α ∈ K∞  ǰ  :VU[HN    WW  :LLHSZV[OLWYVVMVM*SHPT ( ¢ (x, z) ∈ Rn+mǰ α (|(x, z)|) 6 E(x, z)ǯ ǰ  Ω
<M˜
(U)
















6 α (|(x, z)|) 6 E(x, z)
ǯ ǰ






ђѐќћё ѝюџѡǯ  U  ¢ ĵ  Rn×Rm \ {(0, 0)}ǯ
   ǰ     σ(V(x)) > W(z) ǻǯ σ(V(x)) <
W(z)Ǽ σ ◦ V ǻǯ WǼ  ¢ ĵ  Rn \ {0} ǻǯ RmǼǯ 
  U∗(x, z) := σ(V(x)) = W(z) 6= 0ǰ  ¢ (x1, z1) 
(x2, z2) ∈ Rn × Rm \ {(0, 0)}ǰ
|U∗(x1, z1) −U∗(x2, z2)| = |σ(V(x1)) − σ(V(x2))|
= |σ(V(x1)) − σ(V(x2)) +W(z1) −W(z2)
+W(z2) −W(z1)|
6 Lσ|V(x1) − V(x2)|+ 2LW |z1 − z2|
6 LσLV |x1 − x2|+ 2LW |z1 − z2|,
  LV ǰ Lσǰ  LW ǰ ¢ǰ  ĵ   Ȭ
 V ǰ σǰ Wǯ ȱ  L = ¡{LV , Lσ, 2LW }
|U∗(x1, z1) −U∗(x2, z2)| 6 L (|x1 − x2|+ |z1 − z2|) .
  ǯŚŘǰ  ¢ y ∈ Rn+mǰ   ¢ t ∈ R>0ǰ
   ǻřǯŞǼǰ
D+U(Y(t, y)) = D+hU(Y(t, y)).
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  ǯŚřǰ  ¢ y   M˜ 6 U(y) 6 M̂ǰ  
¢ t ∈ R>0ǰ  
t 7→ U(Y(t, y))
 ¢ ǯ ǰ       
U∞ := 
t→∞U(Y(t, y)) 6 M˜.
    ǰ ¢ ǰ  U∞ > M˜ǯ   Ȭ
¢  Uǰ  ¡ ε > 0  
U∞ − ε > M˜  U∞ − ε 6 U(y) 6 U∞ + ε.
 U  ǰ   {y ∈ Rn+m : U∞ − ε 6 U(y) 6 U∞ + ε} 
ǯ ǰ  
ξ = {α (|y|
M˜
)
> 0 : U∞ − ε 6 U(y) 6 U∞ + ε}
¡ǯ
ȱ U  ¢ ĵ Rn×Rm\{(0, 0)}    ǻřǯŞǼ
    C1ǰ   t 7→ U(Y(t, y))   ¢ Ȭ
ĵ  R6=0ǯ ǰ   ¢ t ∈ R>0ǰ U(t)  ěŘř -YVT 9HKLTHJOLY»Z [OLVYLT ZLL,]HUZ    ;OLVYLT  D+U(t)  ŘŚǯ   ę    ξǰ  :PUJLU PZSVJHSS`3PWZJOP[a P[PZHIZV
S\[LS`JVU[PU\V\Z/\U[LY  ,_HT
WSL ;O\Z D+U PZPU[LNYHISL
:LL+LÄUP[PVU (
¢ t ∈ R>0ǰ




6 U(y) − ξt.
 t   ę¢ǰ   U(Y(t, y))   ¢  Ȭ
    ę  Uǯ ǰ U∞ 6 M˜ǯ









   U      ǻřǯŗŜǼǰ   U   
  σǯ   ¢ s ∈ R>0ǰ σ(s) = (δ(s) + γ−1(s))Ȧ2ǰ 












   ǰ Řś dδ(s)Ȧds > 0 ŘŜ dγ (γ−1(s))Ȧds > 0ǯ K\L[V[OLMHJ[[OH[ δ ∈K∞ ∩ C1 K\L[V[OLMHJ[[OH[ γ−1,γ ∈ K∞ ∩
C1 ǰ   σ ę ǻřǯŘŚǼǯ     
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
 řǯŞǯ 
 ǻ  řǯŗŞǼǯ  c     Řŝ  Ω6c(U) ⊂  :\JO H WVZP[P]L YLHS U\TILY HS^H`ZL_PZ[ 6[OLY^PZL MVY L]LY` n > N
[OLYL L_PZ[Z H ZLX\LUJL {yn}n∈N ⊂
R
n+m Z\JO [OH[ MVY L]LY` n ∈
N yn ∈ Ω61/n(U) HUK yn /∈
Ω6M(V) × Ω6N(W) :PUJL U PZWYVWLY Ω61/n(U) ⊂ Ω61(U) PZJVTWHJ[ /LUJL [OLYLL_PZ[Z {ynj }j∈N ⊂
{yn}n∈N Z\JO [OH[ ynj j→∞−−→ y∗ HUK
U(y∗) = 0 -YVT[OLWVZP[P]LKLÄUP[L




  ę ǰ       ǰ  ¢ (x, z) ∈ Sǰ
U(x, z) 6 M̂⇒¡{V(x),W(z)} 6{M,N}. ǻřǯŘŞǼ
   ǰ       ǰ  ¢ (x, z) ∈ Sǰ
M˜ 6 U(x, z)⇒¡{M,N} 6{V(x),W(z)}. ǻřǯŘşǼ
 ŗǯ ¢ U(x, z) 6 M̂ 
¡ {σ(V(x)),W(z)} = U(x, z) 6 M̂ = {δ(M), N} .
  ¡{σ(V(x)),W(z)} = σ(V(x))ǯ
 ŗǯǯ   {δ(M), N} = δ(M)ǯ  σ(V(x)) 6
δ(M)ǰ  ǻřǯŘŚǼǰ V(x) 6 σ−1 ◦ δ(M) < Mǲ
 ŗǯǯ   {δ(M), N} = Nǯ  σ(V(x)) 6
N 6 δ(M)ǯ   ŗǯǰ V(x) 6 σ−1 ◦ δ(M) < Mǯ
    ¡{σ(V(x)),W(z)} = W(z)ǯ
 ŗǯǯ  {δ(M), N} = δ(M)ǯ  W(z) 6
δ(M) 6 Nǲ
 ŗǯǯ  {δ(M),N} = Nǯ  W(z) 6
Nǯ








 Řǯ ¢ M˜ 6 U(x, z) 
¡{γ−1(M),N} = M˜ 6 U(x, z) = ¡{σ(V(x)),W(z)}.
  ¡{σ(V(x)),W(z)} = σ(V(x))ǯ
 Řǯǯ  ¡{γ−1(M),N} = γ−1(M)ǯ γ−1(M) 6
σ(V(x))ǰ  ǻřǯŘřǼ  ǻřǯŘŚǼǰ M 6 γ ◦ σ(V(x)) <
V(x)ǲ
 Řǯǯ   ¡{γ−1(M),N} = Nǯ  γ−1(M) 6
N 6 σ(V(x))ǰ   ŘǯǯǰM 6 γ ◦ σ(V(x)) < V(x)ǲ
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ǰ ¡ {M,N} 6 V(x)ǯ
    ¡{σ(V(x)),W(z)} = W(z)ǯ
 Řǯǯ  ¡{γ−1(M),N} = γ−1(M)ǯ γ−1(M) 6
W(z)ǰ N 6 γ−1(M) 6W(z)ǲ
 Řǯǯ   ¡{γ−1(M), N} = Nǯ  ¢ N 6
W(z)ǯ
ǰ ¡ {M,N} 6W(z)ǯ
  ŗ  Řǰ ¡{M,N} 6 V(x) ¡{M,N} 6W(z)ǯ

ǰ
¡ {M,N} 6 {V(x),W(z)} .






 ǻřǯŗŖǼ    ¢ǰ   ¢  Ȭ
¢  Uǰ  ¡ (x, z) ∈ S   M˜ 6 U(x, z) 6 M̂ǯ  ǻřǯŘŞǼ
 ǻřǯŘşǼǰ
M˜ 6 U(x, z) 6 M̂⇒¡{M,N} 6 {V(x),W(z)} 6¡{V(x),W(z)} 6{M,N},
   ǻřǯŘŜǼ ǯ       řǯŗŞǯ

 ǻ  řǯŗŝǼǯ ȱ   řǯś  řǯŜǰ  ¡











, s ∈ [M,M] ,
A(s) + (B(s) −A(s))
s−M
ε
, s ∈ (M,M+ ε),
δ(s) + s, s ∈ [M+ ε,∞),
ǻřǯřŖǼ
 














B(s) = δ(s) +M+ ε












, s ∈ [M,b),
δ(s) + s, s ∈ [b,∞).
ǻřǯřŗǼ
  γ˜    K∞  ę ǻřǯŘŘǼ  ǻřǯŘřǼǯ
        ǯ ¢ǰ   
  M  εǯ    ǰ      γ˜  
 K∞ǯ    ǰ      γ˜ ę ǻřǯŘŘǼ  ǻřǯŘřǼǯ
іџѠѡ ѝюџѡǯ    δ, γ ∈ K  ¢ řǯśǯ




M < bǰ  ǻřǯşǼ   řǯŜ ¢ǰ
 M <∞, ∀s ∈ [M,M] \ {0}, δ(s) < γ−1(s),






 M < ∞ǰ   ¢  γ  δ   ǻřǯřŘǼǰ 
¡    ε > 0   M + ε < b ǰ  ¢ s ∈
[M,M+ ε)ǰ δ(s) < γ−1(s)ǯ
ђѐќћё ѝюџѡǯ    γ˜  ǰ     Ȭ
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ǰ γ˜  ǯ
ѕіџё ѝюџѡǯ    ¢ ǻřǯŘŘǼ  ęǰ  ǰ 
¢ s ∈ R>0ǰ γ˜  ę     δ(s)     
 ǯ ǰ  ¢ s ∈ R>0ǰ δ(s) < γ˜(s)ǯ ǰ γ˜ ∈ K∞ǯ
   ¢ ǻřǯŘřǼ  ęǰ  M < ∞ ǻǯ
M = ∞Ǽ  s ∈ [M,M] \ {0} ǻǯ s ∈ [M,b) \ {0}Ǽǯ    ¢








 ǻřǯřŖǼ ǻǯ ǻřǯřŗǼǼǰ
 ŗǯ s < γ−1ℓ (s)−δℓ(s)
2















: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ǻřǯřŘǼǰ  ŗ  Ř ¢ǰ  ¢ s ∈ [M,M] \ {0} ǻǯ
s ∈ [M,b) \ {0}Ǽǰ γ˜(s) < γ−1(s)ǯ ǰ ǻřǯŘřǼ ǯ   
   řǯŗŝǯ 
ƁǯƄǯƀ џќќѓ ќѓ ѕђќџђњ ƁǯſƁ
   řǯŗř    ǰ   ǻǰ
ŘŖŖŚǲ ĵǰ ŘŖŖŗǼǰ  ǯ
 řǯŗşǯ ŘŞ   ¢   řǯŗřǰ   ¡ ρ ∈  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J
C1(Rn+m,R>0)   supp(ρ) ⊇ R  ǰ
∀y ∈ R, div(hρ)(y) > 0, ǻřǯřřǼ




    řǯŗş       
řǯŗřǯ
 ǻ  řǯŗřǼǯ      Ś ǯ ¢ǰ





(Ug)ǯ       ¢   
Ω
6M̂ℓ
(Uℓ)    ǯ    ǰ      Ȭ
 ¢    R   Ω
6M̂ℓ
(Uℓ)ǯ  
     ¢ ¢   ǯ
іџѠѡ ѝюџѡǯ  ¢ řǯŗŗǰ  Ω
6M˜g
(Ug)  ¢ ĴȬ
  ǻřǯŞǼǰ   M˜g = ¡{γ−1g (Mg),Ng}ǰMg  Ng  ę
 ¢ řǯŗŗǰ  γg   ¢  řǯśǯ
ђѐќћё ѝюџѡǯ  ¢ řǯşǰ   Ω
6M̂ℓ
(Uℓ)   
   Ĵ   ǰ   M̂ℓ = {δℓ(Mℓ), Nℓ}ǰ Mℓ
 Nℓ  ę  ¢ řǯşǰ  γℓ   ¢ 
řǯśǯ
ѕіџё ѝюџѡǯ       Ω
6M̂ℓ
(Uℓ) ( Ω6M˜g(Ug)ǯ 
    řǯŗŞǰ
Uℓ(x, z) 6 M̂ℓ ⇒ ¡{V(x),W(z)} 6 {Mℓ,Nℓ},
Ug(x, z) > M˜g ⇒ {V(x),W(z)} > ¡{Mg, Ng}.
 /  : ; , 0 5 : / 0 9 646 ;6








  ¡ ρ ∈ C1(Rn+m,R>0)  supp(ρ) ⊇ R  
ǰ
∀y ∈ R, div(hρ)(y) > 0,
¢ ¢  řǯŗşǰ   Z     R 
      Ω
6M̂ℓ
(Uℓ)     
   £ǯ
ќѢџѡѕ ѝюџѡǯ           
     Z ⊂ R    £ǯ  ¢
tǰ 
Y(t,Z) = {Y(t, z) : t ∈ dom(z), z ∈ Z},
  dom(z)   ¡     Y(t, z) ¡ǯ 
Z  ¢ ǰ  ¢ t1, t2 ∈ dom(z)ǰ
t1 < t2 6 0⇒ Y(t2,Z) ⊂ Y(t1,Z).
   Řş 5V[L HSZV [OH[ ^OLU Y(t,Z) KVLZ







{Y(t,Z) : t 6 l}.

ǰ   Y        Z ¢  Ě ǯ 
Z  řŖ ǰ  ¢ t ∈ dom(y)ǰ   Z ∋ y 7→ Y(t, y) :LL[OLWYVVMVM3LTTH  
  ěřŗǰ Y   ǯ )LJH\ZL ǻřǯŞǼ PZVMJSHZZ C1 HUKZV
S\[PVUZ HYL \UPX\L ZLL HSZV /HY[THU







| grad Y(t, y)|dy = 0,
 Z   £ǯ   ǰ  ¢ t ∈ dom(Z)ǰ
Y(t,Z)    £ǯ  Y     
   £ǰ     £ǯ   Y   
        ǻřǯŞǼ     
ǯ
   ǰ    ¢   
¢ Ĵ  ǻřǯŞǼǯ ǰ    ¢ ¢¢
  ǻřǯŞǼǯ       řǯŗřǯ 
 ǻ  řǯŗşǼǯ           
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
ǻřǯŞǼ   R   Ω
6M̂ℓ
(Uℓ)ǯ   ǰ     
    ǻĵǰ ŘŖŖŗǰ  ŗǼ  ǻǰ ŘŖŖŚǰ 
řǼǯ 
 ǰ       ǰ   
     ¢ ¢      
     ¢    ǯ







(Ug) : Uℓ(Y(t, y)) > M̂ℓ, t > l
}
,
 Z       ǰ   ǯřŘ  :LLHSZV7YVWVZP[PVUZ ( HUK ( 
 Z         Ω
6M˜g
(Ug)





(Ug)  ¢ řřǰ   Z   ¢ Ȭ  *M *VYVSSHY` 
ǯ ǰ   ę¡ τ ∈ R>0ǰ
∀t > τ, Y(t,Z) ⊂ Y(τ,Z).






ρ(y)dY 6 0. ǻřǯřŚǼ







































ǰ  ¢ t ∈ R>0ǰ Y(t,Z)    £ǯ  
 /  : ; , 0 5 : / 0 9 646 ;6
¢  Yǰ Z     £ǯ ¢ǰ
 .. y ∈ R,  
t→∞ Uℓ(Y(t, y)) 6 M̂ℓ.
      řǯŗşǯ 
ƁǯƄǯƁ џќќѓ ќѓ ѕђќџђњ ƁǯſƂ
 řǯŘŖ ǻ¡ ¡ Ǽǯ řŚ  n = m = 1ǰ  :[LPU:OPYVTV[V (UKYPL\ HUK7YPL\Y
J  ¢   řǯŗŚ ǰ
∀y ∈ R, divh(y) 6= 0, h(y) 6= 0, ǻřǯřśǼ
    ǻřǯŞǼ   R   Ω
6M^ℓ
(Uℓ)ǯ 
    řǯŘŖ       
řǯŗŚǯ
 ǻ  řǯŗŚǼǯ     řǯŗŚ    
      řǯŗřǯ  ě    
  ǯ 
ǰ    ǰ  ¢y ∈ Rǰ divh(y) 6= 0
 h(y) 6= 0ǰ  ¡    ρ   ǯ  
 ǰ         
   ǯ
¢         řǯŗřǰ  
 ¢   ¢ Ĵ  ǻřǯŞǼǯ ǰ   ¢
¢¢   ǻřǯŞǼǯ      
řǯŗŚǯ 
   řǯŘŖǰ     ¢Ȭ
     ǯ   ¢ǰ  
 C ⊂ R2      C      
 ¡   T <∞  ǰ   (x, z) ∈ Cǰ (X(nT, x, z), Z(nT, x, z)) =
(x, z)ǰ ∀n ∈ Zǯ řś JM :HZ[Y `     +LÄUP[PVU
 ǻ  řǯŘŖǼǯ    Uℓ ∈ (C0∩P)(Rn+m,R>0)
ǻǯ Ug ∈ (C0 ∩ P)(Rn+m,R>0)Ǽ      ¢
¢ řǯş ǻǯ řǯŗŗǼǯ      řǯŗŞǰ
Uℓ(x, z) 6 M̂ℓ ⇒ ¡{V(x),W(z)} 6 {Mℓ,Nℓ},
Ug(x, z) > M˜g ⇒ {V(x),W(z)} > ¡{Mg, Ng}.








: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
řǯŘŘǰ  ¡   U∞ ∈ (C0∩P)(Rn+m,R>0)
  ¢ ĵ  Rn+m \ {0} ǻǯ   h˜ ∈ C1(R2,R2)Ǽ
  supp(U∞) ǻǯ supp(h˜)Ǽ  ¢ supp(U∞) ⊃ R ǻǯ
supp(h˜) ⊃ RǼǯ ǰ  ¢ y ∈ Rǰ U∞(y) = Ug(y) ǻǯ
h˜(y) = h(y)Ǽǯ
  řǯŘşǰ
Ȋ  Ω=Mg(U∞)  ę ǲ
Ȋ  U∞   ¢ řŜ ě Ω=Mg(U∞)ǲ  0U[OL/H\ZKVYɈTLHZ\YLZLUZL
Ȋ  S∞ ⊂ Ω=Mg(U∞)       Ug   ěȬ
ǯ  ¡  ĵ £ p∞ : [a∞, b∞] ⊂
R→ Ω=Mg(U∞)     ęǰ  řŝ ¢ s ∈  0U[OL3LILZN\LTLHZ\YLZLUZL







h˜(y) · n∞(y)dy, ǻřǯřŜǼ
  n∞      Ω6Mg(U∞) ęǰ  ¢ y ∈
Ω=Mg(U∞)ǰ ¢ 5V[L[OH[ MYVT[OLWYL]PV\ZWHYHNYHWO






| gradU∞(y)| ,  gradU∞(y) ¡,
0,   .
     řǯŞ  ¢ řǯŗŗǰ  ¡
Eg ∈ (C0 ∩ P)(Rn+m,R>0)  
∀y ∈ Ω=Mg(U∞), D+h˜U∞(y) 6 −Eg(y) < 0.
   ǰ  ¡   £ p∞ǰ
  ǯŚŖǰ




| gradU∞(p∞(s))| = h˜(p∞(s)) · n∞(p∞(s)) < 0.






h(p∞(s)) · n∞(p∞(s))ds < 0, ǻřǯřŝǼ
ǰ  ¢ y ∈ Kǰ U∞(y) = Ug(y)  h˜(y) = h(y)ǯ
¢          řǯŞ 
¢ řǯşǰ  ¢ Ĵpℓ : [aℓ, bℓ]→ Ω=Mℓ(Uℓ)  £Ȭ
 /  : ; , 0 5 : / 0 9 646 ;6









h(pℓ(s)) · nℓ(pℓ(s))ds < 0 ǻřǯřŞǼ
ǰ ¢ ǰ   ¡   řŞ C ∈ R2ǰ Ȭ -YVT[OL\UPX\LULZZVMZVS\[PVUZ^ P[O
YLZWLJ[[VPUP[PHSJVUKP[PVUZ [OLJSVZLK
VYIP[ C PZHZPTWSLJSVZLKJ\Y]L £ ¢ p : [a, b] → C        nǰ  Ȭ






h(p(s)) · n(p(s))ds = 0, ǻřǯřşǼ














    ¢    ǻřǯřşǼǯ  ¢   ǻřǯřŝǼ
∫∫
Ω6Mg (Ug)\DC
divh(y)dy < 0. ǻřǯŚŖǼ






















divh(y)dy > 0. ǻřǯŚŗǼ
 ǻřǯŚŖǼǰ ǻřǯŚŗǼ    C  ¢ǰ divh   
Rǯ   ¢  divhǰ  ¡ y¯ ∈ R   divh(y¯) =
0      ǻřǯŚŘǼǯ ǰ  ¡   
C   Rǯ
  ·Ȭ¡ řşǰ  ωȬ    Ȭ :HZ[Y `     ;OLVYLT
   R      ǯ   
 ¡ ¢       ¢ǰ  ¡ 
ωȬ   Rǯ ǰ ¢    R    
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
Ω6Mℓ(Uℓ)ǯ       řǯŘŖǯ 
¢ řǯŘŗ ǻ¡ Ǽǯ  n = m = 1ǰ   ¢Ȭ
   řǯŗŚ  R   ¢    ǰ
∀y ∈ R, divh(y) 6= 0, h(y) 6= 0, ǻřǯŚŘǼ
    ǻřǯŞǼ   R   Ω
6M^ℓ
(Uℓ)ǯ 
ƁǯƄǯƂ џќќѓ ќѓ љюіњ Ɓǯſƃ
   ę¡ (x, z) ∈ Rn × Rmǰ V(x) > Γ(W(z))ǯ  



















 ǻřǯŗŞǼǰ D+f V(x, z) 6 −λx(x)ǯ     
z ∈ Ω>0.6(W) ¢   ǯ
        Γ  ǯ   ¢ 
¢  Wǰ  ¡ z∗ ∈ R>0   s∗ = W(z∗)ǯ ǰ
Γ∗(W(z∗)) < Γ(W(z∗))ǯ







 ρ−1x  ¢     [0, 0.6)ǰ    
ρx(Γ
∗(W(z∗)))0.95 < W(z∗)ǯ   ¢  ¢  V ǰ
 ¡ x∗ ∈ R>0   ρx(Γ∗(W(z∗)))0.95 6 ρx(V(x∗)) < W(z∗)ǯ
 (x∗, z∗) ∈ R>0 × R>0ǰ     V ¢
D+f V(x
∗, z∗) = −ρx(V(x∗)) +W(z∗) > 0.
     z∗ ∈ Ω>0.6(W)  ǯ ǰ  ¡
(x∗, z∗) ∈ R>0 × R>0   D+f V(x∗, z∗) > 0ǯ   
ǯ 
  /  : ; , 0 5 : / 0 9 646 ;6
ƁǯƄǯƃ џќќѓ ќѓ љюіњ ƁǯſƄ
   (0.65, 2.5)       ¢£Ǳ (0.65, 1) 
[1, 2.5)ǯ
  s ∈ (0.65, 1)ǯ   ǰ ∆  ¢  
0.6 < ∆(s) < 0.7ǯ  ǻřǯŗşǼǰ ∀s ∈ (0.6, 0.7)ǰ Γ(s)  ¢ ǯ
ǰ ∀s ∈ (0.65, 0.7)ǰ 2.2 < ρ−1x (s) < 2.3ǯ 
ǰ ∀s ∈ (0.65, 1)ǰ
s 6 Γ ◦ ∆(s)ǯ  ¢    [1, 2.5)  ǯ 
  ǯ 
Ɓǯƅ ќћѐљѢѠіќћ
¢            Ĝ
   ¢     ¢ 
ǯ     ¢     Ȭ
     ě     Ǳ    
Ȭǯ       ǰ      ωȬ
  ¡ǯ       ¢   
¡    ǯ       
  ωȬ         
   Ŗǯ  ¡      ǯ
ƁǯƆ ѝѝђћёіѥ ќѓ ѕюѝѡђџ Ɓ
ƁǯƆǯſ ђѐѕћіѐюљ љђњњю
 řǯŘŘǯ ȱ  k > 0  p > 0   ǯ 	  
h ∈ Ck(Rn,Rp)ǰ    K ⊂ Rn  ǰ  ¢ y ∈ Kǰ
h(y) 6= 0ǯ ǰ  ¡ h˜ ∈ Ck(Rn,Rp)   supp(h˜) ⊃ K  
supp(h˜)  ǰ  ¢ y ∈ Kǰ h˜(y) = h(y)ǯ 
ǯ      ǻ ǰ ŘŖŖŞǰ ǯ řŝŖǼǯ  
  K  ǰ  ¢ y ∈ Kǰ h(y) 6= 0ǰ  ¡
ε > 0  ǰ  ¢ y ∈ B6ε(K)ǰ h(y) 6= 0ǯ









,  |y| < 1,
0,   ,
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
  c    ¢
∫
Rn
η(y)dy = 1. ǻřǯŚřǼ
 ǰ η ∈ C∞(Rn,R>0)  supp(η) = B61(0)ǯ   















 1,  y ∈ B6 ε2 (K),0,   
   ŚŖ  HSZVRUV^UHZJVU]VS\[PVUVM χ HUK



















(K)  |x| < ε
2
,




(K)  |x| > ε
2
.
ǰ χ ∈ C∞(Rn, [0, 1])  ę
Ȋ    ǻřǯŚřǼǰ  ¢ y ∈ Kǰ χ(y) = 1ǲ
Ȋ  ¢ y ∈ B>ε(K)ǰ χ(y) = 0ǲ
Ȋ supp(χ) = B6ε(K)ǯ
 ǰ  ¢ y ∈ Rnǰ ę h˜(y) = χ(y)h(y)ǯ   h˜ ∈
Ck(Rn,Rp)  ę
Ȋ  ¢ y ∈ Kǰ h˜(y) = h(y)ǲ














ǰ h˜ 6= 0ǯ    ǯ 
  /  : ; , 0 5 : / 0 9 646 ;6
ƁǯƆǯƀ ѕђ ёіѣђџєђћѐђ ѡѕђќџђњ ѓќџ љђѣђљ ѠђѡѠ ќѓ ю ѦюѝѢћќѣ
ѓѢћѐѡіќћ
ę řǯŘř ǻ	 Ǽǯ Śŗ   9\KPU   +LÄUP[PVU





   ǯ ◦
ę řǯŘŚ ǻ
ě Ǽǯ ŚŘ  E ⊂ Rnǰ    E 7MLɈLY  WW 
  
diam : E× E → R>0
(x, y) 7→ {|x− y|}.
 0 6 n <∞ǯ  0 < δ 6∞ ę
H
n





n : E ⊂
⋃
j∈N
Ej, diam(Ej) < δ,Ej ⊂ Rn

 .
 nȬ £ 
































 řǯŘśǯ Śř    nȬ    ,]HUZ HUK .HYPLW `    :LJ[PVU
   E ⊂ Rn   nȬ     Ȭ
 ŚŚ   
ě      Ȭ JM +LÄUP[PVUZ ( HUK (
¢   E   ǯ ǰ  Ȭ
  Rn     nȬ 
ě ǰ ǯǯǰ
µ = H nǯ ǰ  H n(E) < ∞ǰ  H n−1(E) = ∞  H n+1(E) =
0ǯŚś ◦ 4HYaVJJOP 
ę řǯŘŜ ǻ Ǽǯ ŚŜ    E ⊂ Rnǰ 7MLɈLY  WW 
Ȋ   ¡   
ext∗(E) =
{
x ∈ Rn : 
r→0





: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
Ȋ       int∗(E) = ext∗(Rn \ E)ǲ
Ȋ       cl∗{E} = Rn \ ext∗(E)ǲ
Ȋ   ¢    ∂∗E = cl∗{E} \ int∗(E)ǯ ◦
    Śŝ  7MLɈLY  WW  
int∗(E) ⊂ cl∗{E}, int∗(Rn \ E) = ext∗(E),
∂∗E = cl∗(E) ∩ cl∗{Rn \ E} = ∂∗(Rn \ E) = Rn \ (int∗(E) ∪ ext∗(E)).
ę řǯŘŜ         Ȭ
 
int(E) ⊂ int∗(E), cl∗{E} ⊂ cl{E}, ∂∗E ⊂ ∂E.
ǰ




x ∈ Rn : 
r→0




  ¢ǰ   E  ǯ
¡ řǯŘŝǯ ŚŞ   Ȭ   C  ¢  4HYaVJJOP 
 řǯŚǯ     ǰ   x1, x2, x5 /∈ Cǰ






-PN\YL ! /LHY[ZOHWLKZL[ *PYJ\T
MLYLUJLZPSS\Z[YH[LZ[OLZL[B=r(xi) i =
1, . . . , 5
 ǰ x1, x2, x3 /∈ int∗(C)  x4, x5 ∈ int∗(C)ǯ  ǰ
x1 ∈ ∂∗Cǰ  x2, x3 ∈ ext∗(C)ǯ ǰ   C    
x2ǰ  x2 ∈ ∂∗Cǯ ⋄
ę řǯŘŞ ǻ   Ǽǯ Śş      E ⊂ Rn   7MLɈLY  +LÄUP[PVU
 
P(E) = H n−1(∂∗E).
   ę  µ(E) + P(E) <∞ǯ ◦
 řǯŘşǯ śŖ  k > 0    ǰ    ĵ  (KHW[LKMYVT(SILY[P )PHUJOPUP HUK
*YPWWH  ;OLVYLT
  /  : ; , 0 5 : / 0 9 646 ;6
 V ∈ Ck(R2,R>0)   supp(V) ǯ    
ǰ   ¢ c ∈ R>0ǯ
ŗǯ Ω=c(V)  ŗȬęśŗ  H 1 (Ω=c(V)) <∞ǲΩ=c(V) JHU IL H 1HSTVZ[ L]LY`^OLYL JV]LYLK I` JV\U[HIS`THU` 
KPTLUZPVUHSJ\Y]LZVMJSHZZ C1
Řǯ  H 1Ȭ ¢ x ∈ Ω=c(V)ǰ   V  ě  xǲ
řǯ ¢   C  Ω=c(V)       
     ĵ £ p : [a, b] → C   




 ǰ  ¢ x ∈ Cǰ τ(x)      Cǯ 
  Řǰ    Ω=c(V)       
   R2ǰ ∂Ω=c(V) = cl{Ω=c(V)} = Ω=c(V)ǯ ǰ
∂∗Ω=c(V) ⊂ cl{Ω=c(V)}ǯ ǰ  Ȭ  Ω6c(V)  ę




 ǰ  řǯŘśǰ    ę    
 R1ǯ
ę řǯřŖǯ ǽ  ǾśŘ  ¢ x ∈ ∂∗Eǰ  ¢ )HZLKVU7MLɈLY  WW HUK4HYaVJJOP  +LÄUP[PVU
nE(x)     Rn  
H±(E, x) = {y ∈ Rn : ±nE(x) · (y− x) > 0}.





















-PN\YL ! 0SS\Z[YH[PVU VM ,X\H[PVU
ǻřǯŚŚǼ [OLTLHZ\YLVM[OLZOHKLKZL[Z
T\Z[NV[VaLYVMHZ[LY[OHU[OLTLHZ\YL
VM [OLIHSSZ 5V[L [OH[ PU x3 [OLUVY
THSPZHJVUL ;O\Z P[KVLZUV[ZH[PZM`
ǻřǯŚŚǼ /LUJL P[PZH[ x3 -PN\YLVYPNP
UHSS`WYLZLU[LKPU4HYaVJJOP 
  Ř   řǯŘşǰ  H 1Ȭ ¢ x ∈ Ω=c(V)ǰ
gradV(x) ¡ǯ ǰ   ę






,  gradV(x) ¡ǰ
0,   
ǻřǯŚśǼ
 H 1Ȭ ¢       Ω6c(V)ǯ 
       ę   śřǰ n ę  -LKLYLY   ;OLVYLT
ǻřǯŚŚǼǯ
        ę     Ȭ
      ǰ     
  ǻěǰ ŘŖŗŘǰ  ś  ŜǼǯ
 řǯřŗ ǻ	£  Ǽǯ śŚ   Ȭ  (KHW[LKMYVT4HYaVJJOP  ;OL
VYLT  VY 7MLɈLY  ;OLVYLT
 0U[OLSH[[LY [OLZL[^ OLYL[OLPU
[LNYHSPZJVTW\[LKPZHZZ\TLK[VOH]L




   řǯŘşǯ  k > 0    ǰ    







ǰ       Ȭ ǻǯ ȬǼ  
   ǻǯ ŗȬ 
ěǼ   R2 ǻǯ RǼǰ
 p : [a, b]→ Ω=c(V)   £ Ω=c(V)ǯ 
          řǯřŗǰ   
  ǯśś  -VYHKL[HPSLKWYVVMPU Rn [OLPU[LY
LZ[LKYLHKLYTH`JVUZ\S[7MLɈLY 
*OHW[LYZ[V
 řǯřŘ ǻ	Ȃ Ǽǯ śŜ  C ⊂ R2   ¢ ǰ  )HZLKVU:WPLNLS    WW 
  ǰ      ę ǰ DC   
 ¢ Cǰ   f = (f1, f2) : R2 → R2ǯ  f1 : R2 → R  f2 : R2 →
R  ę     DCǰ  f  ě  















       C   ǯ 
 ǻ  řǯřŘǼǯ śŝ  C        ǰ )HZLKVU:WPLNLS    WW 
  DC  ǯ        xȬ¡
ǻǯ yȬ¡Ǽ ¢   [a, b] ǻǯ [e, f]Ǽǯ   
 A,B ∈ C ǻǯ E, F ∈ CǼ     a  b ǻǯ
e  fǼ   xȬ¡ǰ  C          
AEB  AFBǯ   řǯŜ    Cǰ   











-PN\YL ! 0SS\Z[YH[PVUVM[OLJ\Y]L C
        AEB ǻǯ AFBǼ
  ¢      η1 : [a, b] → R2 ǻǯ
η2 : [a, b]→ R2Ǽǯ
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      ǯ 
 ǰ             řǯřŗǯ
  řǯŘşǰ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
Ȋ   Ω=c(V)    C1ǰ    ęǯ Ȭ
ǰ      ǲ
Ȋ  V  H 1Ȭǯǯ ě  Ω=c(V)ǰ    
 ę ¢ ǻřǯŚśǼ  H 1Ȭǯǯ  ǲ
Ȋ  Ω=c(V)  ę ǰ  H 1(Ω=c(V)) <∞ǲ
Ȋ  ¡    ĵ  £
p : [a, b]→ Ω=c(V)   ǯǯ ěǯ
   ę f˜ = (−f2, f1)     f =
(f1, f2)ǯ  f = (f1, f2) ∈ C1(R2,R2)ǰ f˜ ∈ C1(R2,R2)ǯ   
 ǰ śş  řǯřŘǰ  4VYLZWLJPÄJHSS`MYVT ǻřǯŚŜǼ
∮
Ω=c(V)
(−f2(x1, x2)dx1 + f1(x1, x2)dx2) =
∮
Ω=c(V)
(−f2(x1, x2), f1(x1, x2)) · (dx1, dx2)
   x¯ = (x¯1, x¯2) ∈ C     ¡ s¯ ∈ [a, b]
  p(s¯) = (x¯1, x¯2)  p ′(s¯)  ęǯ    
 C  x¯   ¢ T(s¯) = p ′(s¯)Ȧ|p ′(s¯)| = (τ(s¯), σ(s¯))ǯ   
  x¯   ¢N(s¯) = n(p(s)) = (σ(s¯),−τ(s¯))ǯ   ¢
s ∈ [a, b]ǰ dx1
dx2
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∮
Ω=c(V)
(−f2(x1, x2)dx1 + f1(x1, x2)dx2) =
∮
[a,b]























(f1(p(s)), f2(p(s))) · n(p(s))ds.
         řǯřŗǯ
ƁǯƆǯƁ ћѡђєџюѡіќћ юљќћє ѠќљѢѡіќћѠ ќѓ юћ 
 řǯřř ǻȂ Ǽǯ ŜŖ  k > 1  p > 1   )HZLKVU9HU[aLY  3LTTH(
ǰ   ρ ∈ (Ck ∩ Lp)(Rn+m,R>0)ǯ   Y(t, y)  
  ǻřǯŞǼ   y ∈ Rn+m     t ∈ R>0ǯ 













 řǯřŚ ǻ Ĵ¢Ǽǯ Ŝŗ  k > 1  p > 1   9HU[aLY  ;OLVYLT






 .. y ∈ Rn+m, div(hρ)(y) > 0.
ǰ   ¢   y ∈ Rn+mǰ
 
t→∞ |Y(t, y)| = 0.
ǰ     ǰ        ρ
  ǯ 
 *65* 3 < : 0 6 5 : ( 5+
7 , 9 : 7 , * ; 0 = , :
   ę       Ȭ
         ǯ

Śǯŗ  şş
ŚǯŘ       ŗŖŖ
ŚǯŘǯŗ ¢  Ȭ ¢    ŗŖŖ
ŚǯŘǯŘ   ȬȬ  ¢ ŗŖŖ
ŚǯŘǯř 
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       ¢ ¢   Ȭ
Ǳ  ¢   ¢   ¢ 
    Ĵǰ   ¢   ¢   Ȭ
 ¢   ǯ
  Řǰ      £   
   ¢ǰ      ¢   
¢ǰ   ǯ ¢    ¢  
 ¢  ǰ       
 £   ǰ   ¢   
  Ĵǰ      ¢ ¢¢ Ȭ
£        Ĵǯ    
       Řǯŗŝ  Řǯŗşǯ   ǰ
   ¡  ǰ     Ȭ
              
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  ¡    ¢ǯ
  řǰ           
     ǰ    ¢£  Ȭ
  ¢ ¢   ǯ  ę¢ǰ 
        ǰ   ¢£  
  ę        Ȭ
 ¢ǰ           
  ǰ     Ĝ    
      ǰ   
       Ĵ   £ǯ
        Ȭ  
 ¢ ǰ     ¢    ę
   ǰ      ě¢   Ȭ
 ęǯ  Ĵ  ¡    ¢  £
  ǯ ǰ        ωȬ
      £     ǯ
   ř  ¢  Ȭ ¢ ǻ
 ŚǯŘǯŗ  Ǽǰ          
¢ ě ǯ
Ƃǯƀ ђџѠѝђѐѡіѣђѠ юћё Ѥќџј іћ ѝџќєџђѠѠ
            
         ǯ
Ƃǯƀǯſ ћюљѦѠіѠ ќѓ љюџєђȬѠѐюљђ ѠѦѠѡђњѠ Ѣћёђџ ћђѠѡђё ѐџіѡђџію
 ¢ǰ    ¢     
      ř   ¢ ¢  ¢Ȭ
       ǯ
         ǻ¢ǰ ûȬ
ǰ  ǰ ŘŖŗŖǲ ¢  ûěǰ ŘŖŗŖǼ    
 Ȭ    ¢     
  řǯ
Ƃǯƀǯƀ ћѡђџѐќћћђѐѡіћє юљњќѠѡ іћѝѢѡȬѡќȬѠѡюѡђ Ѡѡюяљђ ѠѦѠѡђњѠ
юѐјєџќѢћё юћё њќѡіѣюѡіќћǯ   ¢
x˙1 = f1(x1, u1) ǻŚǯŗǼ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ǰ f1 ∈ C1(Rn+m,Rn)ǯ
ę Śǯŗǯ ŗ  ¢ ǻŚǯŗǼ    ȬȬ   (UNLSP 
ǻǼ        A1 ⊂ Rnǰ 
Ȋ   A1  ¢ ¢¢    ¢ ǰ
 Ř u = 0ǲ  5V[L[OH[(UNLSPKPKUV[Z[H[L^OL[OLY
u ≡ 0 VYUV[ 0[PZHZZ\TLK[OH[ u ≡ 0
ILJH\ZLVMWYVWLY[PLZSPZ[LKQ\Z[
ILMVYL(UNLSP  +LÄUP[PVU
Ȋ  ¡ γ1 ∈ K  ǰ  ¢ u1 ∈ Rmǰ  ¡
ℵ1(u1) ⊂ Rn   µ1(ℵ1(u1)) = 0 ¢ǰ
∀x1 ∈ Rn \ ℵ1(u1),  
t→∞ |X1(t, x1, u1)|A 6 γ1(||u1||∞). ◦
   ǰ   A1 = {0}ǰ  ǻŚǯŗǼ  ǯ
 ŚǯŘǯ ř ¢ ǻŚǯŗǼ     ¢   ¡    (UNLSP  ;OLVYLT
ℵ1 : R
m → 2Rn   µ(ℵ1(u1)) = 0  ¢   u1 ∈ Rm
 ǰ
∀u1 ∈ Rm, ∀x1 ∈ Rn \ ℵ1(u1),  
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¢  ¢ ¢  ¡ ǯ   
    ¢£ ¢   ¡ ¢ ǻ
 Ǽ    ¡    
   ę¢ǯ
            Ȭ
ǯ  ę     ¢   ǰ  
      Ĵ   ǯ
¢ ǰ     ¢¢   
 ¡   ǰ     ¢Ȭ
¢     ¢ǯŚ ǰ     .VLILSHUK;LLS 
 ¢ ¢¢     ¡
  ę¢ǰ   ¡     ¢ ¢¢
    ¢  ¢   
ǯś  (UKYPL\ 7YHS ` HUK(Z[VSÄ 
    ¡      ǻǰ ¢ǰ
ęǰ ŘŖŖŞǼǰ    ¡  
 /  : ; , 0 5 : / 0 9 646 ;6
ę¢      ¢ ¢ǰ  
ǻ	  ǰ ŘŖŗŖǼǯ  ¢ǰ     £ 
    ¢ ¢ǵ
 Śǯřǯ Ŝ    ¡    (UKYPL\ 7YHS ` HUK(Z[VSÄ 
ę f : Rn → Rn   ę¢ f∞ : Rn → Rnǯ     ¢
¢¢    ¢
x˙ = f∞(x),
  ¡      Rnǰ  C∞ǰ   
¢ ¢¢    ¢
x˙ = f(x). 
( 6 9+ 0 5 ( 9 @ + 0 - - , 9 , 5 
; 0 ( 3 , 8 < (; 0 6 5 :

ǯŗ     ŗŖř
ǯŗǯŗ    ŗŖř
ǯŗǯŘ    ŗŖś
ǯŘ ¢   ŗŖŝ
ǯŘǯŗ Ȭ  ŗŖŞ
ǯř Ȭ  ŗŖŞ
ǯřǯŗ ¡   ŗŖŞ
ǯřǯŘ ¢ ŗŖş
ǯŚ ě      ŗŗŗ
ǯŚǯŗ  ¢    ŗŗŞ
ǯś     ŗŗş
ǯśǯŗ    ǯřř ŗŗş
ǯſ ђяђѠєѢђ њђюѠѢџђ юћё іћѡђєџюљ
     ǰ ¢ Ȭ
 řǰ   ǯ
ǯſǯſ ѕђ ђяђѠєѢђ њђюѠѢџђ
ę ǯŗ ǻσȬǼǯ ŗ   S      Rn   )HZLKVU:HSZH  +LÄUP[PVU)
 σȬ   
ŗǯ ∅ǰ Rn ∈ S(Rn)ǲ
 /  : ; , 0 5 : / 0 9 646 ;6
Řǯ  A ∈ S(Rn)ǰ  Rn \A ∈ S(Rn)ǲ
řǯ  {Ai : i ∈ N} ⊂ S(Rn)ǰ 
⋃
i∈N




  (Rn,S(Rn))   ǰ   A ∈ S(Rn)
   ǯ ◦
ę ǯŘǯ Ř  T(Rn)        Rnǯ  /\U[LY  +LÄUP[PVU
 σȬ B(Rn)  Rn   σȬ  ¢  
ǰ B(Rn) = S(T(Rn))ǯ      B(Rn)   
ǯ ◦
ęǯř ǻǼǯ ř    (Rn,S(Rn))ǰ )HZLK VU 2\Y[a HUK :^HY[a 
+LÄUP[PVU HUKWW    mes : S(Rn)→ R>0    
ŗǯ mes(∅) = 0ǲ










 ¢       {Ai}i∈N ⊂ S(Rn)ǯ
  (Rn,S(Rn), mes)    ǯ ◦
ę ǯŚ ǻǰ ǰ  Ǽǯ Ś     Ȭ )HZLKVU/\U[LY  WW HUK
2\Y[aHUK:^HY[a  +LÄUP[PVU






      R = int(R)ǯ    R1  R2
     int(R1) ∩ int(R2) = ∅ǯ     nȬ
   Rn   ¢Rǯ     Ȭ





     0 ·∞ = 0ǯ ◦
ęǯś ǻ Ǽǯ ś  (Rn,S(Rn))  Ȭ )HZLKVU/\U[LY  +LÄUP[PVU
HUK2\Y[aHUK:^HY[a  +LÄUP[PVU










: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
   ę         




  2Rn        Rnǰ   
 ǯ ◦
 ǯŜǯ Ŝ         Ȭ  /\U[LY  ;OLVYLT

1ǯ µ∗(∅) = 0ǲ
2ǯ  E ⊂ S(Rn)ǰ  µ∗(E) 6 µ∗(S(Rn))ǲ












ę ǯŝ ǻ ǰ  Ǽǯ ŝ   E ⊂ Rn  /\U[LY  +LÄUP[PVU
      ǰ  ¢ A ⊂ Rnǰ
µ∗(A) = µ∗(A ∩ E) + µ∗(A \ E). ǻǯŗǼ
 L(Rn)   σȬ    ǰ  Ȭ
    µ∗   
ǰ µ = µ∗|L(Rn)ǰ µ : L(Rn)→ [0,∞]ǰ    ǯ ◦
 ǯŞǯ Ş ¢    ǯ   /\U[LY  7YVWVZP[PVU
 ǯşǯ ş ¢           /\U[LY  7YVWVZP[PVU
ǯ 
     ǯŞ  ǯşǰ ¢   
 ǯ
ę ǯŗŖǯ ŗŖ  (Rn,S(Rn))  (Rm,S(Rm))    /\U[LY  +LÄUP[PVU
ǯ   f : Rn → Rm    f−1(B) ∈ S(Rn)ǰ
 ¢ B ∈ S(Rm)ǯ ◦
ǯſǯƀ ѕђ ђяђѠєѢђ іћѡђєџюљ
ę ǯŗŗǯ ŗŗ       E ⊂ Rn    /\U[LY  +LÄUP[PVU






 1,  y ∈ E,0,  y /∈ E.
   φ : Rn → R     (Rn,S(Rn))  





 ǰ  ¢ i = 1, . . . ,Nǰ ci ∈ Rǰ  Ei ∈ S(Rn)ǯ   
   ǰ  ǰ  ¢ i = 1, . . . ,Nǰ ci ∈ R>0ǯ
◦
ę ǯŗŘǯ ŗŘ  (Rn,S, µ)      φ : Rn → /\U[LY  +LÄUP[PVU






     ci = 0  µ(Ei) =∞ǰ  0 ·∞ = 0ǯ ◦
ę ǯŗřǯ ŗř  (Rn,S, µ)      h : Rn → /\U[LY  +LÄUP[PVU
R>0   ∫
hdµ = 
{∫
φdµ : 0 6 φ 6 h,φ 
}
. ◦
ǯŗŚǯ ŗŚęǯŗŘ ǯŗř     ęǯ /\U[LY  WW 
  ǰ      ę   φ  ę
¡¢   ę ǯŗŘǯ   ę f : Rn → Rm   Ȭ
   ¡       {φi}i∈Nǰ
  φi : Rn → Rmǰ   φi → f  ŗśǰ    Ȭ 3L[ S ⊂ Rn HUK {fn}n∈N ILH ZLX\LUJLVMYLHS]HS\LKM\UJ[PVUZKLÄULK
VU S ;OL ZLX\LUJL {fn}n∈N PZ ZHPK
[V JVU]LYNLWVPU[^PZLS`[V f PM ∃x¯ ∈ S
Z\JO[OH[ ∀ε > 0 ∃N(x¯, ε) > 0 Z\JO
[OH[
∀n >N(x¯, ε), |fn(x¯) − f(x¯)| < ε.
         Rmǰ 
∫
||f− φn||dµ→ 0,  n→∞.
◦
ę ǯŗśǯ ŗŜ  (Rn,S(Rn), µ)ǰ  p ∈ [1,∞)ǯ   )HZLK VU /\U[LY  +LÄUP[PVU
HUK=SHKPTPYV]  WW    h : Rn → R     ¢ pȬ ǻ pȬ




   ¢pȬ h Rn   ¢Lp(Rn,R)ǯ








h(y) = {a ∈ R : µ{y ∈ K : h(y) > a} = 0}.
   ¢∞Ȭ  h  Rn   ¢ Ȭ
¢ ǰ    ¢L∞(Rn,R)ǯ   
  h  Rn     |h|∞ := ess sup{|h(y)| : y ∈ Rn}ǯ ◦
ǯƀ ќћѡіћѢіѡѦ ќѓ ѓѢћѐѡіќћѠ
ę ǯŗŜ ǻ ¢Ǽǯ  Y ⊂ Rn    ǯ 
 h : Y → Rn    ǰ
∀y¯ ∈ Y , ∀ǫ > 0, ∃δ(y¯, ǫ) > 0 : ∀y ∈ Y , |y−y¯| < δ(y¯, ǫ)⇒ |h(y)−h(y¯)| < ǫ.
   kȬ ¢ ě  h : Y → Rn
  ¢ Ck(Y ,Rm)ǯ   h     ¢ Ȭ
 
∀ǫ > 0, ∃δ(ǫ) > 0 : ∀y1 ∈ Y , ∀y2 ∈ Y , |y2−y2| < δ(ǫ)⇒ |h(y1)−h(y2)| < ǫ.
◦
ę ǯŗŝǯ   h ∈ C0(Rn,Rm)   ¢ ĵ
 ǰ  ¢   K ⊂ Rnǰ  ¡  
M > 0ǰ  ĵ   ǰ  ¢ y1ǰ y2 ∈ Kǰ
|h(y1) − h(y2)| 6M|y1 − y2|.
◦
ęǯŗŞ ǻ ¢Ǽǯ  [a, b] ⊂ R    ǯ
  h : [a, b]→ Rn   ¢    ¡
g ∈ L1([a, b],Rn)  ǰ  ¢ t ∈ [a, b]ǰ




ę ǯŗş ǻ Ǽǯ ŗŝ    h : Rn →  4PTUHHUK4PTUH    +LÄUP[PVU

Rm   ¢  ǰ   x ∈ Rnǰ  ¡   
O ⊂ Rn   h    Oǯ ◦
 ǯŘŖǯ ŗŞ  f ∈ C0(Rn,Rm)ǰ  f  ¢ ǯ   4PTUH HUK4PTUH    ;OLVYLT

 /  : ; , 0 5 : / 0 9 646 ;6
ǯƀǯſ ђѡȬѣюљѢђё њюѝѠ
ęǯŘŗ ǻ ¢Ǽǯ ŗşȬM : Rn ⇒ .VLILS :HUMLSPJL HUK ;LLS 
+LÄUP[PVU 
Rm      x ∈ Rn ǰ  ¢  
 {xi}i∈N ⊂ Rn   x ∈ Rnǰ  ¢  Ȭ
   {yi}i∈N ⊂M({xi}i∈N)ǰ  y ∈M(x)ǰ   yi → yǯ
           ¢
x ∈ Rnǯ 	 S ⊂ Rnǰ M : Rn ⇒ Rm    
 S   Ȭ   Rn ⇒ Rm ę ¢M(x)ǰ  x ∈ Sǰ
 ∅ǰ  x /∈ Sǰ      x ∈ Sǯ ◦
     Ȭ Ȭ
ǯ
ǯƁ ћіѡіюљȬюљѢђ џќяљђњ
ǯƁǯſ ѥіѠѡђћѐђ юћё ѢћіўѢђћђѠѠ
ȱ k > 0    ǯ    h ∈ Ck(Rn ×
Rm,Rn)  u ∈ L∞(R,Rm)ǰ   
 y˙(t) = h(y(t), u(t)),y(t0) = y0, ǻǼ
 ǰ  ¢ t ∈ Rǰ y(t) ∈ Rnǯ   u     
ǻǼǯ
     ǰ   ¢ t ∈
Rǰ   ¢ ę¡  u ∈ L∞(R,Rm)ǰ  ǻǼ 
 




ę ǯŘŘ ǻǼǯ  y0 ∈ Rnǰ I ⊂ R  t0 ∈ Iǰ   ę¡
 u ∈ L∞(R,Rm)ǯ   Y : I × {y0} × {u} → Rn  
  ǻǼ     y0   u 
ŗǯ Y(t0) = y0ǲ
Řǯ   I ∋ t 7→ Y(t, y0, u) ∈ Rn  ¢ ǲ
řǯ   ¢ t ∈ Iǰ
dY
dt
(t, y, u) = h(Y(t, y, u)).
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
     ǻǼ     y0   u
  ¢ Sh(y0, u)ǯ    ǰ   I   ¢
dom(Y)ǯ  u ≡ 0ǰ     ¢ Y(t, y0)    
 ¢ Sh(y0)ǯ ◦
ęǯŘř ǻ  Ǽǯ ŘŖ  Y  Y¯    )HZLKVU/HSL   WW 
 ǻǼǰ Y¯     Y  dom(Y) ( dom(Y¯)ǰ  ¢
t ∈ dom(Y)ǰ Y(t, y0, u) = Y¯(t, y0, u)ǰ    ¢ t ∈ dom(Y¯)ǰ
dY¯
dt
(t, y0, u) = h(Y¯(t, y0, u)).
  Y  
Ȋ   dom(Y)  ǯ  dom(Y) = ∞ǰ  
ǻǼ     ǲ
Ȋ ¡    ǯ ◦
 ǯŘŚ ǻ¡Ǽǯ Řŗ  k > 0    ǰ  u ∈  )HZLKVU/HSL   ;OLVYLTZ0
HUK0 ;LZJOS  ;OLVYLT
HUK7YHS `  ;OtVYuTLL∞(R,Rm)  ę¡ǯ  h ∈ Ck(Rn × Rm,Rn)ǰ   ¢ y0 ∈ Rnǰ
 ¡     Y  ǻǼ   ¢ ĵ  
    ¡   ¡ǯ ǰ  Y  ¡ǰ
 Y(t, y0, u)  ∞  t→ ∂dom(Y)ǯ 
 ǯŘś ǻǼǯ ŘŘ  u ∈ L∞(R,Rm)  ę¡ǯ  h ∈  /HSL   ;OLVYLT 0 HUK7YHS `  ;OtVYuTL
C0(Rn × Rm,Rn)  ¢ ĵ     y  ¢  
  u   ǰ   ¢ y0 ∈ Rnǰ  ¡  
 Y  ǻǼǯ 
 ǯŘŜ ǻ¢Ǽǯ Řř  k > 1    ǰ  u ∈  )HZLKVU;LZJOS  ;OLVYLT
HUK/HY[THU   *VYVSSHY`
L∞(R,Rm)  ę¡ǯ  h ∈ Ck(Rn × Rm,Rn)ǰ   ¢ y0 ∈ Rnǰ
 Y  ǻǼ    Ck(dom(Y) × {y0} × {u},Rn)   
Rn ∋ y0 7→ Y(·, y0, u) ∈ Rn   ě   Ckǯ 
ǯƁǯƀ ѡюяіљіѡѦ
ȱ k > 0    ǰ   ę¡ φ ∈ Ck(Rn,Rm)ǰ





(t) = h(y(t), φ(y(t))),
y(t0) = y0.
ǻφȬǼ
   ǰ      ǰ h(y(·), φ(y(·)))  
¢ h(y(·))ǯ ǰ   ǻφȬǼ    ǯ
 /  : ; , 0 5 : / 0 9 646 ;6
ę ǯŘŝ ǻωȬ   Ǽǯ   y∞ ∈ Rn 
ŘŚ ωȬ   Y   ¡ {ti}i∈N ⊂ dom(Y)   ti ր ∞ :HZ[Y `     +LÄUP[PVU
 ǰ  ¢ Y ∈ Sh(y0)ǰ Y(tn, y0) → y∞ǯ     ωȬ
  Y   ωȬ ǰ     ¢ ω(y0)ǯ
 M ⊂ Rn  Řś ¢     ǻφȬǼ )HZLKVU2OHSPS  WW 
ǰ  ¢ y0 ∈Mǰ   ¢ Y ∈ Sh(y0)ǰ Y(t, y0) ∈Mǰ  ¢
t > t0ǯ ◦
ęǯŘŞ ǻǼǯ ŘŜ  Y¯     ǻφȬǼ )HZLK VU :HZ[Y `     +LÄUP[PVU
     y¯ ∈ Rnǯ   y¯    
  ǻφȬǼ ǰ   ¢ t ∈ dom(Y)ǰ h(Y¯(t, y¯)) = 0ǯ ◦
 ǰ  ǻφȬǼ  ¢     Y ǰ 
 ¡        
ǯ    ǰ   y¯    ǰ  
¢ t ∈ Rǰ     c(t) = y(t) − y¯ǯ 
 ǰ   ¢ t ∈ Rǰ  ¢ c˙(t) = y˙(t)ǰ  c˙ 
 ¢    ę  y˙ǯ ǰ   
            ¢
   ǯ
ę ǯŘşǯ  A ⊂ Rn    ǰ     Ȭ
¢      ǻφȬǼǰ   
Ȋ Řŝ  ǻφȬǼ ǰ  ¢ ǫ > 0ǰ  ¡ δ(ǫ) > 0  )HZLKVU)HJJPV[[PHUK9VZPLY 
+LÄUP[PVU ǰ  ¢ y0 ∈ Rnǰ   ¢ Y ∈ Sh(y0)ǰ
|y0|A 6 δ(ǫ)⇒ |Y(t, y0)|A 6 ǫ, ∀t > t0;
Ȋ   ǻφȬǼ   ǲŘŞ )OH[PH HUK :aLN   +LÄUP[PVU

Ȋ ¢ Ĵ  ǻφȬǼŘş ǰ  ¡ δ0 > 0  ǰ  )HZLK VU :HZ[Y `     +LÄUP[PVU ¢ y0 ∈ Rnǰ   ¢ Y ∈ Sh(y0)ǰ
|y0|A 6 δ0 ⇒ 
t→∞ |Y(t, y0)|A = 0.
Ȋ ¢ ¢¢   ǻφȬǼřŖ      ¢ )HZLKVU)HJJPV[[PHUK9VZPLY 
+LÄUP[PVU Ĵǯ   ¢   ¢ ¢ǰ   
  δ0       ǯ ◦
¡ ǯřŖǯ   ¢  Ĵ¢  ě Ȭ
ǯ    ¡  ¢£    ǻ
ǰ ŗşŜŝǰ
 ŚŖǼ           




x2(y− x) + y5
(x2 + y2)(1+ (x2 + y2))2
y˙ =
y2(y− 2x)
(x2 + y2)(1+ (x2 + y2))2
.
ǻǯŘǼ
       ǯŗǯ ⋄








-PN\YL (! 7OHZL WVY[YHP[ VM Z`Z[LT
ǻǯŘǼ
ǯƂ іѓѓђџђћѡіюѡіќћ юљќћє ѠќљѢѡіќћѠ ќѓ юћ 
ę ǯřŗ ǻ Ǽǯ  k > 0    Ȭ
ǰ
Ȋ   α ∈ Ck([0, a),R>0)   ¢  ǰ  ¢
s1, s2 ∈ [0, a)   s1 < s2ǰ α(s1) < α(s2)ǲ
Ȋ   V ∈ Ck(Rn,R>0)ǰ p > 1ǰ   ¢  ę
      S ⊂ Rn řŗ  ¡    r > 0  )HZLK VU :HZ[Y `     +LÄUP[PVU
 ǰ  ¢ y ∈ B6r(S) \ {S}ǰ V(y) > 0ǰ  V(y) = 0  
¢  y ∈ Sǯ        P(Rn,R>0)ǯ
    ę  r        
S = {0}ǰ   ǰ       ¢ P(Rn,R>0)ǲ
Ȋ   V ∈ Ck(Rn,R>0)  p > 1ǰ   řŘ ǰ  |y|→
 ;OPZ WYVWLY[` PZ HSZV JHSSLK YHKPHSS`
\UIV\UKLK ;OPZKLÄUP[PVUPZIHZLKVU
:JO^HY[a   WW MVYHKLÄUP
[PVUPU[LYTZVMWYLPTHNLZVMJVTWHJ[
ZL[Z ZLL )V\YIHRP   7YVWVZP[PVU
0∞ǰ V(y)→∞ǲ
Ȋ  řř α ∈ (Ck ∩ P)([0, a),R>0)     K([0, a),R>0)  )HZLK VU 2OHSPS  +LÄUP[PVUZ   ¢ ǯ    ¢ Kǰ  a    
  ǯ     K∞     K  ǲ
Ȋ  řŚ β ∈ Ck(R>0 × R>0,R>0)     KL ǰ   )HZLK VU 2OHSPS  +LÄUP[PVUZ
 /  : ; , 0 5 : / 0 9 646 ;6
 ę¡ t ∈ R>0ǰ   s 7→ β(s, t)    K ǰ  
ę¡ s ∈ R>0ǰ   t 7→ β(s, t) ∈ R>0  Ȭ 
ę β(s, t)→ 0ǰ  t→∞ǯ ◦
 ǯŘ      ę ǯřŗǯ
-PN\YL (! 0SS\Z[YH[PVUVM ZVTLVM [OL
M\UJ[PVUZKLZJYPILK PU+LÄUP[PVU (
HHWVZP[P]LKLÄUP[LM\UJ[PVU IHM\UJ

















ǯřŘ ǻ   Ǽǯ řś  α1ǰ α2 ∈ 2OHSPS  3LTTH
Kǰ α3ǰ α4 ∈ K∞ǰ  β ∈ KLǯ ǰ
Ȋ α−11 ∈ K  ę  [0, α1(a)]ǲ
Ȋ α−13 ∈ K∞ǲ
Ȋ α1 ◦ α2 ∈ Kǲ
Ȋ α3 ◦ α4 ∈ K∞ǲ
Ȋ β(s, t) = α1(β(α2(s), t)) ∈ KLǲ
Ȋ β(s, t) 6 α1(α2(s)e−t) ∈ KLǯřŜ  :VU[HN    7YVWVZP[PVU
ǯřřǯ  k > 0    ǰ   V ∈ Ck(Rn,R>0)
 ¢  ę         ¢   ¡
   r > 0ǰ  α,α ∈ K([0, r),R>0)  
∀y ∈ B6r(0), α(|y|) 6 V(y) 6 α(|y|). ǻǯřǼ
¢ǰ V     ¢  α,α ∈ K∞ǯ 
    ǯřř     ǯśǯŗ
ę ǯřŚ ǻ ǰ ¢ Ǽǯ  k > 1  
 ǯ   V ∈ Ck(Rn,R>0)ǯ    ¢
  ǻǯ   Ǽ   ¡ α,α ∈ K∞ ǻǯ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
α,α ∈ K([0, r),R>0)Ǽ  ǰ  ¢ y ∈ Rn ǻǯ  ¢ y ∈
B6r(0)Ǽǰ




y 7→ 〈gradV(y), h(y)〉.
   V   hǯ −LhV ∈ (Ck−1∩P)(Rn,R>0)
ǻǯ −LhV ∈ (Ck−1 ∩ P)(Rn,R>0)Ǽǰ  V   ¢ Ȭ
 ǻǯ   Ǽ  ǻφȬǼǯ ◦
ęǯřŚ ǯřřǰ−LhV ∈ (Ck−1∩P)(Rn,R>0)
   ¡ α ∈ K([0, r),R>0)  ǰ  ¢ y ∈
B6r(0)ǰ LhV(y) 6 −α(|y|)ǯ  ǻǰ ǰ  ǰ ŗşşŜǰ 
ŚǯŗǼ              αǰ α
 ¢  ǯřřǰ  α     (C∞ ∩K)([0, r),R>0)ǯ
 ǯřś ǻ ¢ Ǽǯ řŝ   :HZ[Y `     ;OLVYLT
ŗǯ V ∈ P(Rn,R>0)ǰ   ¢ y ∈ Y ǰ LhV(y) 6 0ǰ    
  ǻφȬǼǲ
Řǯ V ∈ P(Rn,R>0)  ǰ   ¢ y ∈ Y ǰ LhV(y) 6 0ǰ 
   ¢   ǻφȬǼǲ
řǯ V ∈ P(Rn,R>0)  ǰ  −LhV ∈ P(Rn,R>0)ǰ  
  ¢ ¢ ¢¢   ǻφȬǼǲ
Śǯ V ∈ P(Rn,R>0)  ǰ  −LhV ∈ P(Rn,R>0)ǰ   
 ¢ ¢ ¢¢   ǻφȬǼǯ 
 ǯřŜ ǻ ¢ Ǽǯ řŞ     Ȭ  )HJJPV[[PHUK9VZPLY  ;OLVYLT
¢ ǻǯ ¢Ǽ ¢¢   ǻφȬǼǰ   ¡ 
¢  ǻǯ   Ǽǯ 
 ǯřŝǯ řş    ě   2OHSPS  3LTTH

 y˙ = −α(y)y(t0) = y0,
  α   ¢ ĵ    K([0, a),R>0)ǯ  ¢ 0 6
y0 < aǰ       Y ę  [t0,∞)ǯ ǰ
 ¡ β ∈ KL(([0, a),R>0) × R>0,R>0 × R>0)  ǰ  ¢
t ∈ [t0,∞)ǰ y(t) 6 β(y0, t− t0)ǯ 
 /  : ; , 0 5 : / 0 9 646 ;6
 ǯřŞǯ ŚŖ          2OHSPS  3LTTH
ǻφȬǼǯ ǰ
Ȋ   ¢    ¢   ¡ α ∈ Kǰ    
c > 0ǰ   t0ǰ    ¢ |y0| 6 cǰ
|Y(t, y0)| 6 α(|y0|), t > t0;
Ȋ   ¢ ¢ ¢¢    ¢   ¡ β ∈
KLǰ     c > 0   t0    ¢
|y0| 6 cǰ
|Y(t, y0)| 6 β(|y0|, t− t0), t > t0; ǻǯśǼ
Ȋ   ¢ ¢ ¢¢    ¢   
 c       ǰ  ¢ ǻǯśǼǯ 
ǰ   ¢ ě ¢ 
 ¢   ǯ  ¢     ǻ¢ǰ
ŘŖŗŗǼǰ ǻ£ǰ ñ°ǰ  ǰ ŘŖŗřǼǰ  ǻ¢ǰ ûěǰ
 ǰ ŘŖŗŖǼǰ ¡      ¡ 
Ĝ   ¢ ¢  ǯ
ę ǯřş ǻ Ǽǯ Śŗ    f : [a, b)→ )HZLK VU 9V\JOL /HIL[Z HUK
3HSV `   WW  HUK 4J:OHUL
  WW  Rǰ    t ∈ [a, b)
D+f(t) =  
τց0
f(t+ τ) − f(t)
τ
,
D+f(t) =  
τց0
f(t+ τ) − f(t)
τ
,
D−f(t) =  
τր0
f(t+ τ) − f(t)
τ
,
D−f(t) =  
τր0
f(t+ τ) − f(t)
τ
,
 ¢ ¡ǰ  ¢    ǯ  n > 0  5V[L[OH[ PU*SHYRLL[ HS    WW 
[OL+PUPKLYP]H[P]LVMHZL]LYHS]HYPHISL
M\UJ[PVU V : Rn → R PZKLÄULK MVYL]
LY` y ∈ Rn I`







[OL HIV]L SPTP[ YLK\JLZ [V ǻǯŜǼ ZLL
*SHYRL  ,_LYJPZL 
 ǰ y, v ∈ Rnǰ V : Rn → Rǯ  
D+v V(y) =  
τց0
V(y+ τv) − V(y)
τ
ǻǯŜǼ
ǻ  ¡Ǽ     V   vȬ  yǯ  
     ¢ ę   vȬǯ
 
gradD V(y) = {ξ ∈ Rn : D+,vV(y) > ξ · v, ∀v ∈ Rn}
  ěŚŘ  V   ξ   ǯ ZLL *SHYRL  +LÄUP[PVU
◦
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
 ǯŚŖǯ Śř  V ∈ C0(Rn,R)  ¢ ĵǯ ǰ   )HZLK VU 7YHS `  7YVWVZP[PVU
HUK*SHYRLL[ HS    WW ¢ y ∈ Rnǰ D+v V(y) ¡ǯ ǰ  V    C1ǰ ǰ 
¢ y ∈ Rnǰ
D+v V(y) = gradV(y) · v.
    ę ǯ  V  ¢ ĵǰ  ¢
τ > 0ǰ   ¢   K ⊂ Rnǰ  ¡ L > 0  ǰ
 ¢ y, v ∈ K   y+ τv ∈ Kǰ
D+v V(y) 6  
τց0







   ǯ  V ∈ C1(Rn,Rn)ǰ  ¢ y, v ∈ Rnǰ
  ¢ τ > 0ǰ  ¢ ę  ¡ ¢ V(y+ τv) =
V(y) + gradV(y) · τv+ ϑ(y, v, τ)ǯ ǰ  ¢ y ∈ Rnǰ
D+v V(y) =  
τց0
gradV(y) · τv+ ϑ(y, v, τ)
τ
= gradV(y) · v. ◦
 ǯŚŗǯ ŚŚ  f ∈ C0((a, b),R)ǯ   f     :LL 9V\JOL /HIL[Z HUK 3HSV `
  ;OLVYLTZHUK HUK*VYVS
SHY`(a, b)   ¢ ǰ    (a, b)ǰ      
   £ǯ 
       ǻ£ ǰ ŗşŜŜǼǰ   
    ǻǰ 
ǰ  ¢ǰ ŗşŝŝǰ 
ŚǯřǼǯ              ¢
ĵ      ǻφȬǼ    
      ǻφȬǼ   
   ęǯ
 ǯŚŘǯ Śś  Y     ǻφȬǼǰ  V ∈ C0(Rn,R)   :LLHSZV7YHS `  3LTTL
¢ ĵǯ ǰ  ¢ t ∈ dom(Y)ǰ
D+V(Y(t, y)) = D+hV(Y(t, y)). 
 ŚŜ   ǯŚŘ   ǯŚŗ   ǰ  )HZLK VU 9V\JOL /HIL[Z HUK
3HSV `   9LTHYR ¢ y ∈ RnǰD+hV(y) 6 0ǰ  V  Ȭ   Ȭ
  ǻφȬǼǯ ǰ     
       ǯ
ǯŚřǯ     V ∈ (C0∩P)(Rn,R>0)  ¢
ĵǯ   ¡ α ∈ K∞  ǰ  ¢ y ∈ Rnǰ
D+f V(y) 6 −α(|y|),
 V  ¢     ǻφȬǼǯ
 /  : ; , 0 5 : / 0 9 646 ;6
   ǰ    Y  ǻφȬǼ    Ȭ
 y ∈ Rnǯ  V ∈ (C0 ∩ P)(Rn,R>0)  ¢ ĵǰ 
 ¢ y ∈ RnǰD+hV(y) ¡ǰ  V  ¢ Śŝǯ ;O\ZD+hV PZPU[LNYHISL
ǰ  ¢ t1, t2 ∈ dom(Y)   t1 < t2ǰ








6 −α(|Y(t1, y)|)(t2 − t1)
< 0.
ǰ V(Y(t2, y)) < V(Y(t1, y))ǯ
 ǰ   W ∈ (C0∩P)(Rn,R>0)  D+hW(y) <
0ǰ  ¢ y ∈ Rnǰ       D+hW  ¢ Ȭ
ǯ D+hW¢ ¡    y¯ǰ  D+hW(y¯) <
0  D+hW(y¯) = 0ǰ     ¢  
ǯ ◦
ęǯŚŚ ǻ Ǽǯ ŚŞ      Ȭ *SHYRL  WW  
    V : Rn → R  ǰ ¢ǰ ¢
V◦v(y) =  
x→y
τց0
V(x+ τv) − V(x)
τ
,
V◦,v(y) =  
x→y
τց0
V(x+ τv) − V(x)
τ
.






gradC V(y) = {ξ ∈ Rn : V◦v(y) > ξ · v, ∀v ∈ Rn}
   £   V  y ∈ Rnǯ ◦
   £      ¢śŖ :LLHSZV*LYHNPVSP  WW 
gradC V(y) = {ξ ∈ Rn : V◦,v(y) 6 ξ · v 6 V◦v(y)},
        
V◦,v(y) =  {ξ · v : ξ ∈ gradC V(y)},
V◦v(y) =  {ξ · v : ξ ∈ gradC V(y)}.
 ǯŚśǯ         £

: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; : 
Ȋ  V ∈ Ck(Rn,R>0)   k > 1   ǰ  gradC V(y) =
{gradV(y)}ǲśŗ  *SHYRL  ;OLVYLT
Ȋ  x ∈ Rnǰ V ∈ C0(Rn,R>0)  ¢ ĵǯ  ℵ  ¢  
 £  Rnǰ   ℵV         V   
ěǯ ǰśŘ  *SHYRL  ;OLVYLT
gradC V(y) = co
{

i→∞ gradV(yi) : yi → y, yi /∈ ℵ ∪ℵV
}
. 
    Ĝ     ¢ 
  V : Rn → R   ¢   
ǯŚŜǯ śř     V ∈ (C0∩P)(Rn,R>0)  ¢  )HZLK VU *SHYRL  ;OLVYLTĵǯ ǰ  ¢ y ∈ Rnǰ   ¢ ξ ∈ gradC V(y)ǰ
¡{h(y) · ξ} 6 0,
 V  Ȭ    ǻφȬǼǯ 
 ǯŚŝǯ      ǯŚŜǯ   ¡
α ∈ K∞  ǰ  ¢ y ∈ Rnǰ   ¢ ξ ∈ gradC V(y)ǰ
¡{h(y) · ξ} 6 −α(|y|), ǻǯŝǼ
 V  ¢ ǰ    ǻφȬǼǯ





      ǯŚřǯ ◦
џюёђȬќѓѓѠǯ  śŚǰ  ¢ τ ∈ R>0ǰ  :LLHSZV*LYHNPVSP  WW 
 
x→y
V(x+ τv) − V(x)
τ
6




V(x+ τv) − V(x)
τ
.
 ę ǯřş  ǯŚŚǰ   ¢  V ǰ   Ȭ
 ¢




 ǯŚŞǯ śś  V ∈ C0(Rn,R)  ¢ ĵǰ   ¢  )HZLKVU*SHYRL  7YVWVZP[PVU
 
y ∈ Rnǰ
gradD V(y) ⊂ gradC V(y). 
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ęǯřşǰ  ě    Ȭ
ǰ    ¡ǯ    ¢     
£ ǰ    ę    ǯ  
 ǰ       ¢ 
  £        
  ¢     ěǯśŜ ;OPZKPZJ\ZZPVU^HZVYPNPUHSS`THKL
PU*SHYRL  WW    ǯŚŞǰ   ¢     
   £       
        ěǯ
ǯƂǯſ ѕђ ѠѦѠѡђњ Ѥіѡѕ іћѝѢѡѠ
 ¢ ǻǼ ę ¢

 y˙(t) = h(y(t), u(t)),y(t0) = y0. ǻǼ
      ǻǼ      ǰ 
¢ t ∈ R>0ǰ u(t) ∈ Kmǰ   Km ⊂ Rm    
         ¡   ¡Ȭ
  ¢ ¢  ǻǼ  ¢  u ∈ L∞(R,Km)
    ǯ    ¢  ¢ Ȭ
śŝ  ¢ ěǯ :LL YLZWLJ[P]LS ` +LÄUP[PVUZ ( 
HUK (
ę ǯŚş ǻ ǰ ¢Ǽǯ śŞ    M ⊂ Rn  )HZLK VU 3PU :VU[HN HUK >HUN
   +LÄUP[PVU         ǻǼ 
∀y0 ∈M, ∀u ∈ L∞(R>0,Km), ∀t > 0, Y(t, y0, u) ∈M.
¢ ǻǼ  ¢ ¢ ¢¢  ǻ	Ǽ
    M   
Ȋ ¢ Ǳ  ¡ δ ∈ K∞  ǰ  ¢ ε > 0ǰ
  ¢ u ∈ L∞(R>0,Km)ǰ   ¢ t > 0ǰ
|y0|M 6 δ(ε)⇒ |Y(t, y0, u)| 6 ε;
Ȋ  ĴǱ  ¢ r, ε > 0ǰ  ¡ T > 0  ǰ 
¢ u ∈ L∞(R>0,Km)ǰ   ¢ t > T ǰ
|y0| 6 r⇒ |Y(t, y0, u)| 6 ε. ◦
¢   ǯřŞǰ  	  ǻǼ   Ȭ
: ;( ) 0 3 0 A (; 0 6 5 <5+ , 9 3 6* ( 3 ( 5 + . 36 ) ( 3 *65 : ; 9 ( 0 5 ; :  
£      ¢ ǯ ¢ǰ
 ǯśŖǯ śş ¢ ǻǼ  	       Ȭ  3PU :VU[HN HUK>HUN    7YV
WVZV[PVU  M ⊂ Rn   ¢   ¡ β ∈ KL  ǰ  ¢
y0 ∈ Rnǰ  ¢ u ∈ L∞(R,Km)ǰ   ¢ t ∈ R>0ǰ
|Y(t, y0, u)|M 6 β(|y0|, t). ǻǯŞǼ

ę ǯśŗǯ ŜŖ  V ∈ Ck(Rn,R>0)   ¢  Ȭ  )HZLK VU 3PU :VU[HN HUK >HUN   +LÄUP[PVU  ǻǼ     ¢ǰ   M ⊂
Rn     Rn \Mǯ     ¢  
ǻǼ     M   ¡ α ∈ K∞  ǰ  ¢
y ∈ Rn \Mǰ   ¢ u ∈ L∞(R,Km)ǰ
LhV(y, u) 6 −α (|y|M) . ◦
 ǯśŘǯ Ŝŗ M ⊂ Rn   ¢       3PU :VU[HN HUK>HUN    ;OLV
YLT   ǻǼǯ ǰ ¢ ǻǼ  	     M  
¢   ¡   ¢  V  ǻǼ    
Mǯ 
ǯƃ џќќѓ ќѓ ѕюѝѡђџ 
ǯƃǯſ џќќѓ ќѓ љюіњ ǯƁƁ
        ǻǰ ŘŖŖŗǰ  ŚǯřǼǯ




 V ∈ (Ck ∩ P)(Rn,R>0)ǰ φ ∈ (Ck ∩ P)(R>0,R>0)   
Ȭǯ  c¯ > 1    ǰ α ∈ K([0, r),R>0)
  ǰ  ¢ s ∈ [0, r]ǰ c¯φ(s) 6 α(s)ǯ ǰ  ¢ y ∈
B6r(0)ǰ
V(y) 6 φ(|y|) 6 α(|y|);




ǰ  ¢ y ∈ B6r(0) \ {0}ǰ V(y) > 0ǰ    ǰ  ¢
s ∈ (0, r]ǰ ψ(s) > 0ǯ ǰ   ψ  Ȭǯ
 /  : ; , 0 5 : / 0 9 646 ;6
  ¢  V ǰ ψ ∈ C0(R>0,R>0)ǯ  c < 1   ¢
  ǰ  α ∈ K([0, r),R>0)   ǰ  Ȭ
¢ s ∈ [0, r]ǰ α(s) 6 cψ(s)ǯ ǰ  ¢ y ∈ B6r(0)ǰ
α(|y|) 6 ψ(|y|) 6 V(y).
 V ∈ (Ck ∩P)(Rn,R>0)ǰ        
r =∞ǯ ¢ǰ  V  ǰφ(s)→∞ ǻǯ ψ(s)→∞Ǽǰ 
s→∞ǯ    ǰ   Ĝ  α  α     K∞ǯ
        ǰ    ę
ǯřŗǰ V(x)→∞ǰ  |x|→∞ǯ ǰ    α(|x|)→∞ǰ V(x)→∞ǰ
 |x|→∞ǰ     V   ¢ αǯ
    ǰ V     ¢ŜŘ  α ∈ K∞ǯ ;OPZ KPZJ\ZZPVU PZ THKL PU 0ZPKVYP    9LTHYR    Ĝ¢ǰ    ¢   c > 0ǰ x ∈
Ω6c(V)  |x| 6 α−1(V(x)) 6 α−1(c)ǯ ¢ǰ Ω6c(V) 
Ŝřǯ      ¢ ęǰ  Ω6c(V) ⊂ Rnǰ 5V[L [OH[ Ω6c(V) PZ WYLPTHNL VM
[0, c] I`[OLTHW V     ǯ  V  ǯ    ¢ǰ 
 Ω6c(V)  ǰ    ¢ c ∈ R>0ǰ ρ(c) = ¡{|x| :
x ∈ Ω6c(V)}ǯ      ęǰ   
¢  V ǰ   ¢   ǯ     
K∞ǯ    x ∈ Rn   V(x)ǰ   |x| 6 ¡{|x| : x ∈
Ω6c(V)}ǯ ǰ α(|x|) 6 α(¡{|x| : x ∈ Ω6c(V)}) = α(ρ(c)) = V(x)ǯ
   ǯ
) 0 ) 3 0 6 . 9 ( 7 / @
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Ȅǯ Ǳ  ŚŚǰ ǯ řřŝȮřŚŝǯ
ǰ ǯ 
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